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a b s t r a c t

Fraunhofer interference of a single particle by a periodic array of scatterers, usually treated
with a wave picture, can be fully explained on the basis of linear momentum quantization,
as pointed out in a previous study by Van Vliet (1967) [4]. This analysis is now extended to
scattering (or passing through slits) involving a finite number N of equidistantly spaced
entities comprising the interferometer. The usual intensity probability distribution for
W (sin θ) is obtained, noting that total momentum is conserved (as in the Compton effect),
while the interferometer is treated as a quantum object—rather than a classicalmeasuring
apparatus, as perceived in the Copenhagen interpretation. Various aspects of the ‘orthodox
view’ are examined and renounced.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Although quantum mechanics has been with us for over eighty years, every so often one still hears claims that the
theory is inconsistent, transitional, or incomplete. My own first mentor at the Free University of Amsterdam, Prof. G.J. Sizoo,
was convinced that the theory was preliminary and waiting to be ‘embedded’ into a more complete structure. For many a
particular problem is still the reduction (‘‘collapse’’) of the wave function upon measurement by an instrument or observer.
We could give enough references to take up all space intended for this article, but we only cite Prigogine [1] and Griffiths,
whose analysis culminates in the story of an observer, who through the mere act of observation, becomes guilty of killing
Schrödinger’s cat, depicted prominently on the cover of his book [2]. Fortunately, many of us presently believe that Bohr’s
1927 Copenhagen interpretation is superfluous and metaphysical, as well as being incorrect. We were pleased to read that
nobody less than StevenWeinberg in his ‘Tiny Tim–Scrooge’ dialogue preferably takes the ‘realist’ position in that observers
should have no effect on physical laws [3].
Our first paper in which we expressed doubt regarding the necessity of a dual ‘nature’ of quantum particles appeared in

this Journal in 1967 [4]. At that timewewere involved in the structure of Hilbert spaces, their (mis-)use by Dirac in quantum
mechanics to support his ‘‘transformation theory’’ [5] and the appropriate solutions to the problem suggested by John von
Neumann [6]. We were helped by our colleagues Hill [7] and Allen Nussbaum of the University of Minnesota, the first one
for mathematical correctness and the latter one for conceptional clarity. With Pauli and Dirac our view has always been
that the essence of physics is in its mathematical formulation; yet the results should be conveyable in precise, non-dialectic
language.
With respect to the formalism, we give some exact results in Appendix A, where we employ the Hilbert space of the

nearly periodic functions, P, as well as Stone’s theorem for operators that do not have eigenstates in P. In the main text,
however, all states will be pictured in the function space L2, notwithstanding that they may be singular or delta-normed.
Transformation theory in the Dirac sense will then be applicable, so that the equivalence of the Heisenberg realization, basic
to the particle conception of Heisenberg, Born and Jordan, with the Schrödinger realization ofwave mechanics is at once fully
evident. For conceptual equivalence we were recently much inspired by Sheilla Jones’ book ‘‘The Quantum Ten’’ [8]—for a
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Fig. 1. Interferometer with slits.

review see Physics Today [9]. Her book describes in vivid detail the alternating successes of the quantum race: from Bohr’s
early stationary state description of the hydrogenmodel (1913), to the early successes of Heisenberg’s matrix mechanics for
the harmonic oscillator (1925)—actually, the fact that his algorithm involvedmatrixmultiplicationwas only clarified during a
visit to Göttingenwhere hemet Born in the physics department andKlein andHilbert in themathematics department—, only
to be superseded by a full-fledged operator calculation of the hydrogen stationary states by Dirac in the same year! Yet, this
was not the end, for barely half a year later Schrödinger had derived his all-encompassing wave equation (1926), published
in two separate attempts (four papers) in the ‘Annalen der Physik’. Most physicists of the dayweremuch relieved: they knew
how to solve eigenvalue problems of the Sturm–Liouville type and quantum theorywas ‘back on track’ with operator algebra
being put on the back-burner; the hydrogen problemwas now routine. Moreover, Max Born, gifted in abstractmathematical
formalism, now switched to the wave description in order to describe electron scattering with what now is called the Born
approximation of time-dependent perturbation theory.
This, then, brings us to the central point of this paper. Scattering of particles and interference when more than one

scatterer is present, apparently demanded a wave description. This was also Ehrenfest’s view, until he made an America
tour in 1924, where he learned of the work by Duane [10]. Although the electron diffraction experiments of Davisson and
Germer were not to be known until 1927, Duane formulated a corpuscular rule for the diffraction of photons. Based on the
Bohr–Sommerfeld quantization condition

∮
pdq = nh, he showed that themomentum of a structurewith periodicity length

dy along direction y, could only change by an amount 1py = nh/dy, where n is a positive or negative integer. Now, let us
consider an incident photon (or material particle) that hits a periodic structure. If the incoming angle with the normal is
denoted by φ and the diffracted (outgoing) angle by θ , then the particle can only have outgoing angles θ for fixed φ such
that momentum is conserved, i.e.,

1py = −1py = |p|(sinφ − sin θ), (1.1)

where sans serif attributes refer to the particle; cf. Fig. 1. Using now Duane’s quantization rule as well as de Broglie’s
statement p = h/λ, we find the von Laue condition for wave interference maxima,

dy(sinφ − sin θ) = nλ. (1.2)

In 1923 Duane’s rule, formulated prior to Schrödinger’s work, would have fitted right in with the ideas of the Göttingen
group, had it been published in, say, the Göttinger Nachrichte or even the Annalen der Physik or the Philosophical Magazine.
But it appeared in the Proceedings of the National Academy of Sciences Washington, unknown and largely unavailable in
Europe. Ehrenfest was impressed by the paper, and promptly published in the same Proceedings with Epstein in Pasadena
two sequels, which dealt with the intensity distribution for a finite array of slits, as well as with Fresnel diffraction [11]; in
both cases the intensity distribution is not sharp but smeared out. These papers were clearly hastily written and can largely
be ignored. Furtherwe note that few booksmake anymention of Duane’s article, except that it is exalted in several of Landé’s
books [12], whereas it is ‘debunked’ by Bohm [13].
In the mid-sixties Allen Nussbaum drew my attention to Duane’s paper and to Landé’s work. We were intrigued by this

work because it would remove the subject of diffraction from the purported category of phenomena that demand a wave-
description-only (orworse, a ‘wavenature’). Not that there is anythingwrongwith diffraction of a beam of photons. However,
a single particle, when not conflated in flight with other particles, does not give the typical interference spectrum; only when
the individual blobs on the luminescent screen are superimposed, with assigned weights as observed, do we get the typical
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intensity distribution of Fraunhofer diffraction. Moreover, if we adhere to the Born interpretation of the wave function, we
must assume that the probability wave of the incoming particle excites secondary partial probability waves in accord with
Huygens’ Principle—a far-flung hypothesis. Finally, let me state one of my above-mentioned mentor’s remarks, to which I
was a witness in the fifties. He gave the following ad hoc rule: When photons are created, as in Bohr’s atomic emission or by
a luminescent screen, and when they are absorbed, as in Einstein’s photoelectric effect, their particle aspects stand out; on
the contrary, in free flight they behave as waves. A corpuscular explanation for photon or electron diffraction is therefore
fully consistent with the use of similar particle arguments for cathodoluminescence and the photoelectric effect.
Apart from any philosophical stand, be it noted that Eqs. (1.1) and (1.2) are independently correct. Therefore, Duane’s

quantization rule is likely also correct, although the Bohr–Sommerfeld conditions are far passé. In our previous paper [4]
Duane’s rule was rigorously obtained from the standard commutation relations for position and momentum, employing
unitary raising and lowering operators. In the late sixties we also found a procedure based on invariance under symmetry
operations that explained, grosso modo, the shape of the intensity probability distribution. It was not published at that time
since it involved treating the interferometer as a quantum object, to whichmany researchers were opposed. Presently, forty
years later, the Einstein–Podolsky–Rosen paradox has been refuted and we think that the time has come to dismantle more
of the ‘orthodox view’ [14]. Entanglement is now a well-accepted fact and macroscopic quantum states are commonplace.
Local hidden variables cannot exist by Bell’s theorem, while global hidden variables are useless if no scale is defined. We
therefore believe that this second paper will fill in a missing gap in quantummechanics. The procedure will be set forth in
Section 3, while a brief description of the periodic case is summarised in Section 2. Finally, in Appendix B, we take the risk
to offer a simple rational explanation for the ‘‘collapse’’ of the wave function, based on the Parseval–Bessel theorem.

2. Momentum quantization for a periodic array

The basic feature of the present treatment is that we focus on the state of the interferometer with equidistantly spaced
scatterers, rather than at the state of the particle. The former naturally has the required extension in space,while the particle,
despite a wave presence everywhere, will only franchise one scatterer at the time. In a well-known argument, Bohr has
shown that any inquiry about which scatterer is involved, destroys the interference pattern; for stronger claims, cf. Ref. [15].
We appeal to the following basic tenets of quantum theory, see e.g. Ref. [16] or [17]:

(i) Let an operator A be invariant against a symmetry operation S of the system, then

SĎAS = A or AS = SA. (2.1)

(ii) Expectation values 〈Ψ |A|Ψ 〉 are invariant against a symmetry operation, hence

〈Ψ |A|Ψ 〉 = 〈Ψ |SĎAS|Ψ 〉 → S|Ψ 〉 = eiς |Ψ 〉, (2.2)

where ς is an undetermined phase. The only acceptable dynamical states are therefore eigenstates of S. Now let q1 · · · qf be
coordinates possessing the characteristic symmetries of the system and let the associated momenta be p1 · · · pf . We shall
employ a representation in a state space containing the p-states, which form a complete set of commuting variables. For any
operator depending on both the p’s and the q’s we have the rule

[pj, A(p, q)] = −h̄i∂A/∂qj. (2.3)

As done in Dirac’s book, we shall use the convention that eigenvalues are supplied with a prime; the corresponding
eigenstates will be denoted by |p′1p

′

2 · · · p
′

f 〉. [Many books nowadays use p̂ for the operators.] We will focus our attention
on p1 ≡ p and suppress the other variables. Whereas the states of the corresponding observable q will not be in this state
space (strictly speaking), the unitary operator T (q, η) = exp(iqη/h̄)will. It is now easily shown that T is a raising operator
for p,∀η > 0. For from (2.3) we have pT − Tp = −h̄i ∂T/∂q = ηT . Hence,

pT |p′〉 = T (p+ η)|p′〉 = (p′ + η)T |p′〉. (2.4)

Thus, T |p′〉 is a new eigenstate with eigenvalue (p′ + η). Adjusting the phase factors of these two adjacent states
appropriately, we have the general result

eiqη/h̄|p′〉 = |p′ + η〉. (2.5)

If no symmetries are present, η is unrestricted and the spectrum of p is continuous.
The most stringent requirement is periodicity, occurring either because the system is infinite, or because we impose

periodic boundary conditions. Let the translation unit be1q and let S(1q) be the translation operator; further, we consider
a state vector depending on position, |χq′〉. The following trivial identities then hold:

S(1q)T (q, η)|χq′〉 = T (q+1q, η)|χq′+1q′〉,
T (q, η)S(1q)|χq′〉 = T (q, η)|χq′+1q′〉.

(2.6)

Applying now the second equality of (2.1), the two left-hand sides are equal, so that

T (q, η) = T (q+1q, η) → ei1qη/h̄ = I, (2.7)
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where I is the identity operator. Operating on any state |ψ〉 and dotting into |q′〉, we obtain1

〈q′|ei1qη/h̄|ψ〉 = ei1q
′η/h̄
〈q′|ψ〉 = 〈q′|ψ〉. (2.8)

This yields

ei1q
′η/h̄
= 1, or η = 1p′ = nh/1q′, (2.9)

which is Duane’s quantization rule. As to the linear momentum itself, the eigenvalues are discrete and given by multiples of
η0 = h/1q′ plus an undetermined value p′0, associated with the ‘null-state’ |p

′

0〉. For later use we also need the momentum
states in wave mechanical form. These assume the usual form (see footnote 1):

〈q′|p′〉 ≡ p′(q′) = Ap′eip
′q′/h̄, (2.10)

where Ap′ is a normalization constant. If the length to which the periodic b.c. apply is finite, the states are no longer delta-
normed and behave as Fourier series.
Naturally, the above is not the full story. In both x-ray and neutron diffraction the interferometer may be a 3D solid. We

now have momentum quantization along the three axes (a1, a2, a3) of the primitive unit cell. Also, rather than considering
themomentumof a representative scattering site, the states of the totalmomentumPmust be introduced. For the translation
operator we obtain the well-known form S(l) = exp(−iP · l/h̄). As dual we now have for the momentum raising operator
TP(η) = exp(iQ · η/h̄), where Q can be any scattering position or – for purposes of symmetry – the centre of mass. The final
equivalents of Duane’s rule are found to be the von Laue conditions

(P′ − P′′) · ai = gih, (i = 1, 2, 3) (2.11)
where gi are integers. Making these integers the components of a reciprocal lattice vector g = g1c1 + g2c2 + g3c3 and
employing the definition of the reciprocal axes, ai · cj = 2πδij, the quantization rules (2.11) lead directly to the basic result

P′ − P′′ = gh̄ or (kin − kout) = (1kparticle) = g. (2.12)
The last result is the exact form of the renowned Ewald condition, used in neutron and electron diffraction! Most of the

details of these extensions have been described in our previous work [4].

3. Systems with reduced symmetries

More complicated are those systems in which the symmetry is markedly reduced. We shall give here a formal discussion
of the N-scatterer (or N-slits) problem, which cannot be expected to fully apply to an actual diffraction system, but which
provides a simplified general model, as does standard kinematic diffraction theory. More elaborate approaches requiring
perturbation theory are not targeted here; the matrix elements for atomic scattering are treated in our recent statistical
mechanics text [18].
For simplicity, we consider the linear case involving a 1D interferometer, for which qy = q is a generalized coordinate

that localizes the scatterers of the interaction (or positions of the slits), which will be near q(1), or q(2), . . . , or q(N); the
associatedmomentumvariable is py = p. According to tenet (ii) the dynamical state of the systemmust for its q-dependence
be an eigenstate of the cyclic permutation operator, 1 → 2 → 3 → · · · → N → 1. Thus, if positions are switched, the
system state remains unchanged except possibly for its phase. We therefore have the superposition

|Ψ 〉 = N−1/2
{
|χq(1)〉 e

iς (1)
+ |χq(2)〉 e

iς (2)
+ · · · |χq(N)〉 e

iς (N)
}
. (3.1)

As to the phases of the individual states, they cannot be chosen at random. For two scatterers (or slits), the reflection operator
gives

|χq(1)〉 e
iς (1)
→ |χq(2)〉 e

i[ς (1)+1ς ]
→ |χq(1)〉 e

i[ς (1)+21ς ]
≡ |χq(1)〉 e

iς (1) , (3.2)
so that 1ς = 0 or π . Generally, in this picture the possible phase differences 1ς between adjacent entities are the
arguments of the roots of zN = 1. Note that for N →∞, this entails1ς = 0, as was implied in Section 2.
However, the picture as presented is incomplete for several reasons. Firstly, the state (3.1) is N-fold degenerate, with no

traceable subsymmetry being involved; we must therefore show that they lead to equivalent descriptions. Secondly, more
should be said about momentum transfer and finally, the uncertainty principle must be taken into consideration. Thus, the
following will be noted.
(1) As in the Mossbauer effect, the dynamics of the momentum transfer is wholly unknown (neither should it play a

role). Our view is that momentum conservation, like conservation of angular momentum or spin, holds instantaneously, i.e.
without ‘retardation’: there is no information to be transmitted subject to the speed of light, aswe know from the refuted EPR
paradox, alluded to earlier. [In this respect, we also note that the symmetrization postulate in quantum statistical mechanics
is based on non-retarded commutators or anti-commutators, definitely ‘spooky’ in an Einsteinian view.]

1 For simplicity, we used Dirac’s ‘sloppy’ transformation theory. Actually, the states |q′〉 do not exist in the space L2 . However, 〈q′|ψ〉 is nothing but a
shorthand notation for the functionψ(q′).
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(2) With regard to the uncertainly principle: if there were only one pinpointed scatterer, the momentum spread would
be infinite. With two or more scatterers δq 6= 0 and a probability distributionW (p) emerges. Yet we will not assume strict
atomic localization, since details like the atomic form factor will enter into a realistic theory, although they are absent in a
‘global theory’.
Thus, let the localization be represented by amodulated Gaussian, chosen for its excellent convergence,

〈q′|χq(i)〉 = (2πσ
2)−1/4 exp

{
−[(q′ − q(i))2/4σ 2] + iµ(q′ − q(i))

}
, (3.3)

〈χq(i) |p
′
〉 =

∫
〈χq(i) |q

′
〉 〈q′|p′〉 dq′, (3.4)

where we inserted the decomposition of unity (sometimes called the closure relation). The modulation term allows for a
smooth variation of phase. Viewing this term as a first order Taylor expansion of ς about q(i), we have µ = (∂ς/∂q′)q′=q(i) .
The statistical distribution for p′ is as usual given by |〈Ψ |p′〉|2. With (2.10) we find,

W (p′) =
A20

N
√
2πσ 2

∣∣∣∣∣∑
i

∫
∞

−∞

dq′e−(q
′
−q(i))2/4σ 2ei[(p

′q′/h̄)−µ(q′−q(i))−ς (i)]

∣∣∣∣∣
2

= (2
√

2πσ 2A20/N)

∣∣∣∣∣∑
i

exp
[
(ip′q(i)/h̄)− iς (i) − (p′ − h̄µ)2(σ 2/ h̄2)

]∣∣∣∣∣
2

. (3.5)

From Eq. (A.1) in Appendix A one notes that A20 ∼ (1/h). The uncertainty principle is obeyed since the width σ , being in the
denominator of the Gaussian for q′, is in the numerator for the distribution W (p′). Setting further 1ς = ς (i+1) − ς (i) =
2πs/N , where s = 0, 1, . . . ,N − 1 are the quantum numbers associated with the cyclic permutation operator, we arrive at

W (p′) =
2
√
2πσ 2A20
N

e−(p
′
−h̄µ)2(2σ 2/ h̄2)

∣∣∣∣∣N−1∑
`=0

exp
{
i`[(p′1q′/h̄)−1ς ]

}∣∣∣∣∣
2

=
2
√
2πσ 2A20
N

e−(p
′
−h̄µ)2(2σ 2/ h̄2) sin

2
[N(p′1q′/2h̄)− sπ ]

sin2[(p′1q′/2h̄)− sπ/N]
. (3.6)

The modulating Gaussian has little effect on the maxima, since the statistical broadening for a system with a small number
of scatterers (or slits) is usuallymuch smaller than the quantummechanical uncertainty broadening. Hence, the distribution
(3.6) peaks at2 p′max = (nh/1q

′) + p′0, where n is a positive or negative integer and where p
′

0 = sh/N1q
′. The meaning of

p′0 becomes clearer when we compute 〈p
′
〉. This average is undetermined for σ = 0 but has a convergent value for finite σ .

From (3.6) we find

〈p′〉 = h̄µ ≈ h̄1ς/1q′

= 2π h̄s/N1q′ = p′0. (3.7)

The results of (3.6) are plotted in Fig. 2.
We now turn to what bearing these results have on diffraction. Although (3.6) gives the expected momentum maxima,

it is not possible from the mere ansatz of the localization to fully predict the momentum that is transferred by an incident
particle, unless we compute the exact matrix elements for the interaction. In the standard wave argument all details are
avoided by postulating that spherical wavelets are created by Huygens’ principle. In the present context an equivalent
assumption is that the transferredmomentum is1p′ = p′−〈p′〉, so thatW (1p′) is symmetric about1p′ = 0. The resulting
distribution is then independent of the chosen value of s, which determined the sequence for the assigned phases. We thus
obtain the result,

W (1p′) = (CA20/N)ψ(1p
′)
sin2(N1p′1q′/2h̄)
sin2(1p′1q′/2h̄)

, (3.8)

whereψ(1p′) is theGaussian associatedwith the uncertainty in the localization of the scatterers (or slits) and C = 2
√
2πσ 2.

In a more detailed theory, ψ(1p′) would represent effects such as the atomic form factor of the scatterers; or, in a slit
arrangement, it would account for the modulation due to a finite single slit width. In a non-realistic ‘global theory’, on the
contrary, ψ(1p′)→ 1, indicating that a posterioriwe let σ → 0.
Finally, using the conservation of momentum stated in Eq. (1.1), we obtain

W (sin θ) = (C |p|A20/N)ψ(1p)
sin2[(|p|/2h̄)N1q′(sin θ − sinφ)]
sin2[(|p|/2h̄)1q′(sin θ − sinφ)]

. (3.9)

2 The sin2 ratio gives equidistant main peaks of magnitude N2 when the argument of the lower sin is nπ .
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Fig. 2. Probability density distribution (3.6) for the linearmomentum in anN-scatterer (orN-slit) arrangement; values chosen are:N = 4, h̄/σ = 8, s = 0;
units are in 2h̄/1q′ .

Upon substitution of the de Broglie relationship, |p|/2h̄ = π/λ, the usual angular distribution for interference is recovered.
This has now been obtained by a quantization procedure for the possible states of the interferometer, rather than by partial
wave superposition of the incoming particle.We still note that, while the final results (3.8) and (3.9) [for the ‘global case’ that
σ → 0 only] are equivalent to those in Ref. [11], no appeal has been made to classical correspondence, as in their articles.
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Appendix A. On Hilbert spaces for representation

In any abstract state space that is isomorphic with the space of square integrable functions L2(R3), the momentum
eigenstates are delta-normed:

〈p′|p′′〉 = h−3
∫
d3q′ei(p

′′
−p′)·q′/h̄

= δ(p′ − p′′). (A.1)

Obviously, this state space is not a trueHilbert space. However,momentumstates can bemade the basis of the non-separable
Hilbert space P of nearly periodic functions, first introduced by themathematician Harald Bohr, the brother of physicist Niels
Bohr. The scalar product for this space is defined as

〈φ1|φ2〉 = lim
V→∞

1
V

∫
d3q′φ∗1 (q

′)φ2(q′). (A.2)

Now consider first momentum states in a finite volume V ∈ R3. With |p′〉 → eip
′
·q′/h̄, p′ = h̄k and k being discretely spaced

due to periodic boundary conditions, we have∫
V
d3q′ ei(p

′′
−p′)·q′/h̄

=

{
V if p′ = p′′,
0 elsewhere. (A.3)

Next, let V → ∞; the eigenvalues then form a continuum and the scalar product (A.2) yields 〈p′|p′′〉 = δp′,p′′ where
δp′,p′′ = limε→0 δp′,p′′+ε , by virtue of (A.3).
Despite the appeal of Dirac’s ‘‘transformation theory’’, there is noHilbert space that contains the states of non-commuting

operators like p and q. As to the space P, operators Awith [A, p] 6= 0 do not transform the space into itself but we can always
construct a unitary operator exp(iAu). According to Stone’s theorem, cf. Refs. [6,19], there always exists a spectral resolution

eiAu =
∫
∞

−∞

eiaudP(a), (A.4)

where dP(a) are the incremental projector operators. The expectation value becomes

〈eiAu〉 = 〈Ψ |
∫
∞

−∞

eiaudP(a)|Ψ 〉 =
∫
∞

−∞

〈Ψ |eiaudP(a)|Ψ 〉. (A.5)
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Further, since A cannot be sharp we assume that the cumulative distribution for its eigenvalues C(a ≤ a1) exists. Defining
the characteristic function as the Lebesgue–Stieltjes integral

〈eiAu〉 =
∫
∞

−∞

eiaudC(a), (A.6)

we note that

dC(a) .= W (a)da = 〈Ψ |dP(a)|Ψ 〉, (A.7)

in which the first equality refers to the probability density function, which may be singular. In the standard, not justifiable
Dirac notation, the incremental projectors for an operator with a continuous spectrum are written as dP(a) ∼ |a〉 〈a| da;
this yields for the pdf W (a) = |〈Ψ |a〉|2. Since the states |a〉 are not in the Hilbert space, this is to be seen as a symbolic
expression, the exact result being contained in Eq. (A.7).3
For the raising operator of the p′-states we employed the unitary operator T (q, η) = eiqη/h̄. From Stone’s theorem we

now have

eiqη/h̄ =
∫
∞

−∞

eiq
′η/h̄ dP(q′) =

∫
∞

−∞

ei(q
′
+1q′)η/h̄ dP(q′ +1q′). (A.8)

Since the projectors are invariant against a translation, dP(q′ + 1q′) = dP(q′). It thus follows that exp(i1q′η/h̄) = 1.
This provides a rigorous proof for Duane’s quantization rule, Eq. (2.9). We finally note that the projectors for this case are
Heaviside functions, P(q′) = Θ(q′1 − q

′), both in P and in L2.

Appendix B. Notes on the ‘‘collapse’’ of the wave function

In considering the problem of the reduction (or ‘‘collapse’’) of the wave function upon observation or measurement, we
posit three qualities:

• Mathematically, quantum mechanical probabilities are governed by the Parseval–Bessel equality;
• Statistically, quantum mechanical probabilities, whether actual or potential, are of an either-or nature, i.e. mutually
exclusive;
• Physically, any theory aiming to describe the change of a state vector associated with a measurement, demands that
the entire set-up, comprising the entity under investigation and the measuring apparatus, be considered as a quantum
system.

We now comment on the essential points. The Parseval–Bessel equality, well-known but once more demonstrated
below, allows us to work with normalised probabilities, whereby we note that the wave function itself involves so-called
‘probability amplitudes’, a concept of dubious value, that should be de-emphasized.
The secondpoint is probably themost grievous one: quantummechanical probabilities are endowedbymany researchers

with phantom attributes. As an example, let us consider the description of Schrödinger’s cat as given by Griffiths [2]. The
cat in the cage, which can be killed by the chance-event that a radioactive decay triggers a Geiger counter that is rigged to
a cyanide bottle, has the wave function

|ψ〉 = (1/
√
2)
(
|ψalive〉 + |ψdead〉

)
. (B.1)

According to Griffiths, in his words: ‘‘The cat is neither alive nor dead, but rather a linear combination of the two, until a
measurement occurs—until, say, you peak in the window to check. At that moment your observation forces the cat ‘to take a
stand’, dead or alive. And if you find it to be dead, then it is really youwho killed it, by looking in thewindow’’ (Op. cit. p. 382).
While Griffiths notes that most physicists, including Schrödinger himself, regard this as patent nonsense, he goes on to say
that this is due to the cat being a ‘macroscopic object’. On the contrary, Eq. (B.1) could well describe the state of an atomic
spin that is a mixture of up and down.
We do not believe that the reason here given is correct. Quantum phenomena are not restricted to small atomic systems,

as thought in 1927, but encompass all of physics. Examples of macroscopic quantum phenomena are presented by the
quantum Hall effect, flux quantization in Josephson junctions, etc. But, admittedly, Schrödinger’s cat cannot be in a neither-
life-nor-death state, like the undead of Count Dracula in Transsylvania! Thus, our explicit statement given above that amixed
state entails either-or probabilities – like in an ordinary chance game of tossing coins – applies to the interpretation of any
superposition of state vectors; in the spin case, the electron spin,while unknown to us, is either up or down, as acknowledged
by common sense. This author rejects both extreme positivism and obscure dialecticism. Hence, the well-known ‘problem’
as to whether thunder makes a sound if there is nobody in the woods to hear it, can be dismissed. . . .

3 For the purist we note that Dirac kets and bras should be avoided altogether, since their usage implies that there is no bilinear concomitant in Green’s
theorem [20]. The rhs of (A.7) then reads (dP(a)Ψ ,Ψ ).
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We shall return to mathematical physics. Let us consider a Hilbert space, which for convenience we take to be separable,
having a denumerably infinite number of dimensions, with basis {|an〉} formed by the eigenvectors of a bounded operator
A, being part of a complete set of commuting variables. According to the Fundamental Postulate, the eigenvalues {an} are
the only possible outcomes of a measurement of the observable represented by A. Generally, the dynamical state will be the
superposition

|ψ〉 = c1|a1〉 + c2|a2〉 + · · · + cn|an〉 + · · · ad inf . (B.2)

The expansion coefficients cn are the above-mentioned probability amplitudes. In the wave language (space L2) the
quantity of physical importance is ψψ∗. The equivalent in an abstract space is the density operator ρ, defined as

ρ ≡ |ψ〉 〈ψ| =
∑
ij

cic∗j |ai〉 〈aj|

=

∑
i

cic∗i |ai〉 〈ai| +
∑
i6=j

cic∗j |ai〉 〈aj|. (B.3)

The final double sum comprises the quantum interference terms. Gell-Mann and others, as quoted in Ref. [1], talk these terms
away by coarse-graining.We see no reason to do so; in fact, theywere retained in Section 3. However, in the density operator
they do not contribute. Evaluating the trace in the representation {|an〉}, we have,

Tr
∑
i6=j

cic∗j |ai〉 〈aj| =
∑
i6=j

∑
k

cic∗j 〈ak|ai〉 〈aj|ak〉 =
∑
i6=j

δij = 0. (B.4)

Consequently, we find

Trρ = 〈ψ|ψ〉 =
∑
i

cic∗i = 1, (B.5)

which is the Parseval–Bessel equality.4 It is therefore legitimate to state that the product cic∗i is the probability for finding
the system in the eigenstate |ai〉.
The fact that the expansion (B.2) is relevant does not mean that the system is in a mixed, all-inclusive hodgepodge of

states, but that the probabilities are either-or; this is better seen if we go back to Heisenberg’s original matrix mechanics of
1925, with representation in the l2 Hilbert space. Eq. (B.2) then reads,

ψ = {c1c2 · · · cn · · ·}, (B.6)

where the curly bracket denotes a column matrix. With as conjugate the row matrix ψĎ
= [c1c2 · · · cn · · ·], the density

matrix ψψĎ is a square matrix with unit trace; as before, the off-diagonal interference terms do not contribute. The real
advantage of this picture is that there are no+ signs adding the contributions, thus leading to the alluded to hodgepodge of
states; on the contrary, thematrix (B.6) simply gives an enumeration ofmutually exclusive possible outcomes, as for discrete
probabilities in ordinary statistics.
Finally, we come to the subject of the title of this appendix: the reduction of the series (B.2), before observation, to

a final state |am〉 afterwards. In the Copenhagen interpretation this is attributed to a ‘non-causal’ perturbation by the
observer or measuring apparatus, with the latter being classical objects. In our present view, such non-causal effects do
not exist; instead, there is a real interaction with the observer (say, his/her retina) or the measuring instrument. Causal,
predictive development is contained in the Schrödinger equation for the composite system, the one under study plus the
observer’s instrumentation [3]. Whether this equation is solvable is besides the point; as all recent writers on the subject
have noted (Prigogine, Weinberg, Gell-Mann, and many others) we know how to use quantummechanics in order to obtain
the information we seek. Thus, in the present context, time-dependent perturbation theory might be employed, with the
interaction being turned on at t = 0, to evaluate the transitions stemming from the interactions, which alone are responsible
for the observed change in state of the subsystem under study. Linear response theory, as used in standard nonequilibrium
statistical mechanics, could probably afford appropriate examples for simple cases, such as the detection of spin.
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