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Painting, Baking & Non-Associative Algebra 
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Abstract 
There are analogies of the complications encountered when using the Octonions or other non-
associative algebras that occur in everyday tasks and extend to the syntax of human language.  
The forced ordering and sequence of operations imposed by higher-order algebras is seen to be 
equivalent to its representations in these forms.  Tasks like painting and baking involve cycles of 
action in a certain direction, undertaken in stages, where a new stage of a process can be 
undertaken only once certain steps are completed.  I discuss briefly how this is exactly like 
octonion multiplication.  This has relevance in topics from Cosmology to Computing and beyond. 
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0BIntroduction 
A defining feature of non-associative algebras is their strong directionality, involving both the 
forced ordering of elements and strict sequencing of operations.  This is in contrast with familiar 
Maths where elements commute and can be associated arbitrarily.  In arithmetic using ordinary 
or real numbers, both the associative and commutative rules can be applied to simplify 
calculations.  However, if one needs to do both addition and multiplication in the octonions (with 
8 dimensions) or other higher-dimensional algebras, the ordering of elements and the sequence 
of operations must be strictly observed to obtain the correct result.  This is because the octonions 
are both non-commutative and non-associative. 
 
What this means is that cycles of action flow in a particular direction and must be completed in a 
specific sequential order.  This brings to mind everyday tasks like painting or baking, where 
directional cycles (with ordering of elements) allow one to complete a stage in a process, and 
then the stages are completed in a specific sequence to bring a process to fruition.  It is not 
possible to put on the icing, bake the cake afterward, mix the ingredients, find and measure the 
ingredients after that, and then make the icing.  This is because the ingredients must be blended 
before baking, the cake must be baked and have time to cool before icing it, and we want the 
icing on the outside with any filling on the inside.  Similarly, placement of parentheses (or other 
grouping) must reflect and preserve the sense of what we want to end up on the outside or the 
inside, in non-associative Maths, just as the cake, filling, and icing ingredients are kept separate, 
and then used in a different part of the process. 
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1BEveryday Tasks and Cosmic Evolution 
When we decided it was time to paint a few rooms in our house, I began the process by assessing 
what furniture had to be pulled away from the walls, and where it could go, which spots needed 
repair or preparation before we began, and so on.  Sometimes I needed to remove things from 
shelves first, and to find storage places for those items, before I could move certain pieces of 
furniture safely.  But it became clear early on that I needed to think from the end of the process, 
and then trace things back to what has to happen, in what order, to begin and then finish that 
process to completion.  Final completion is hard sometimes.  There are too many ways to end up 
in a cul de sac instead, and one must think several steps ahead to avoid literally painting oneself 
into a corner.  But there are no shortcuts to obtaining the desired result, in many cases.   
 
An extender pole or corner brush might allow one to get to hard-to-reach places, but there is a 
limit to how much extra reach it will provide.  Nor can one decide after the space around it is 
painted that a cabinet needs to be moved, especially once it is blocked in by other furniture that 
was already moved.  It is the same with non-commutative and non-associative algebras like the 
octonions.  There is extreme optiony for octonion multiplication at the outset, with 480 different 
multiplication tables possible [D1D].  But once a starting place and direction is chosen, this reduces 
to one of 16 unique variations (8 left and 8 right-handed) [D2D] where the order and sequence is 
determined to the last detail, and where only one table must be applied throughout – until the last 
calculation. 
 
The fact the octonions are neither commutative nor associative is bothersome for many who do 
Math and this has limited their study and usage.  However, they may be essential for 
understanding the origin of the cosmos, discerning what happens at the rim of a black hole, or 
solving the problem of quantum gravity.  Michael Atiyah said that a true theory of everything 
will almost certainly involve the octonions [D3D] and it may be hard to find “because we know the 
octonions are hard, but when you’ve found it, it should be a beautiful theory, and it should be 
unique.”  P.C. Kainen thinks the octonions being neither commutative nor associative is a 
blessing, not a curse, since it gives them unique evolutive properties useful to Physics [D4D].   
 
Ordering of elements and sequencing of stages are essential for some physical processes, though 
physical law makes many processes reversible – because the same law works forward or 
backward in time.  As more interactions occur, it becomes harder and harder to reverse any event 
or process.  Once a new process stage has been entered, it is difficult or impossible to go back to 
what was before, or to choose the ‘road not taken,’ but instead further steps tend to accumulate 
into the next stage.  This kind of ratcheting effect may explain the arrow of time.  The onset of 
associativity in the early universe likely came with the emergence of fermionic particles during 
baryogenesis, because they are self-contained forms with a well-defined surface and thus an 
interior and exterior – so this pushed the cosmic creation process inexorably forward [D5D]. 
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However, this property of processes being ratcheted forward once a stage or cycle is completed 
extends far beyond the origin of the cosmos, and it reaches into every area of life and human 
endeavor.  So it is not surprising that this sense of process direction extends into human language, 
and into areas of thought far removed from Mathematics.  Understanding that one needs to 
undertake directional cycles of action, and then move from one stage to another during a process 
(with a different character of action at each stage), allows for the planning and execution of 
complex tasks.   
 
To model such processes mathematically, and thus optimize for maximum gain or progress, 
requires higher-dimensional thinking.  But this enables planning that brings a process to its final 
completion, rather than being halted before then because some complication was not foreseen.  
The most important thing, in some cases, is care and precision.  To take apart, clean, and 
reassemble an old-style clock, one must take great care indeed because things need to come apart 
in a specific order and sequence, and then go back together with the same steps exactly reversed, 
without having any pieces left over when you are done.  And there are many examples in 
everyday life which require a similar sequential attention to detail. 
 
The point is that we find the property of non-associativity to be more ubiquitous than one would 
expect, based upon the preponderance of Maths in Physics that use algebras that are both 
commutative and associative.  And I stress here that higher-order algebras like the quaternions 
and octonions are not more disordered or random for losing the properties of commutativity and 
associativity, but rather there is a greater sense in both cases of following a specific order and 
sequence instead of choosing arbitrarily.  Alain Connes first glimpsed that non-commutative 
algebra and geometry offer unexpected and amazing features not present in the static 
commutative case, back in the early 1970’s.  He summed this up in 2000, saying 
“noncommutative measure spaces evolve with time!” [D6D] and explaining there is a one parameter 
group of automorphisms driving this evolution.   
 
This dynamism is present in the quaternions, but it is amplified and extended in the octonions 
and other non-associative algebras, so it becomes sequential evolution.  Processes in the real 
world often progress through sequential stages of evolution, and it appears to be how the cosmos 
emerged as well, so this affirms there is a place for non-associative Maths in solving real world 
problems and in helping us understand Cosmology.  It would appear that nature already makes 
broad use of them in every facet of our existence, so it is time we did too. 
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Conclusions 
 
I have emphasized here that the utility of non-associative Maths recommends their broader use, 
even though this brings complications.  The fact people avoid using them is quizzical, given 
what we have come to know about their usage.  Computers make it easy to systematize the 
process to an extent allowing their extensive use without having to keep track of the sequential 
evaluation of terms.  In other words, the computer lets us make use of a powerful new engine, 
without needing to build an engine ourselves every time we want to drive somewhere.  Of course, 
it needs to be built from the inside out, piece by piece, in order to function as a smoothly-running 
machine.   
 
However, people go to great lengths to avoid the complications introduced by non-associative 
Maths, even though it is the very same properties that make them complicated, which make them 
useful or interesting.  John Baez wrote [D7D] that while the real numbers are seen as the dependable 
and respectable breadwinner and the complex numbers as a flashier but still respectable 
youngster, the quaternions are shunned because they are non-commutative, and the octonions are 
seen as the crazy old uncle nobody wants to talk about and would rather leave locked in the attic.  
I’d instead think of them as a wealthy and eccentric uncle nobody quite understands: 
 

⊃ ⊃ ⊃O H C R  
 
In terms of generality, the octonions are the granddaddy of all the normed division algebras.  
They are the most general of all the number types with those properties (division algebras with a 
norm).  If we see the seven imaginaries of the octonions as axes of rotation, fixing four of seven 
axes yields the quaternions, fixing two of the remaining three yields the complex numbers, and 
the reals are obtained by fixing the remaining axis – reducing the variations in all directions 
orthogonal to the reals to zero.  So we see that, the reals R  are a subset of the complex numbers 
C , which are a subset of the quaternions H , and the quaternions are a subset of the octonions O .  
This means numerical quantities we are most familiar with, which just sit there unchanging, are 
the product of quantities that contain more variation than sameness.   
 
In fact, the octonions have seven dimensions of variation and one real extent.  So this is hard for 
people to visualize, who have been told that numbers are the most predictable and dependable 
things that exist.  We have done a disservice by educating our young people that all numerical 
quantities are static.  My brief conversation with Tevian Dray at GR21 revealed that the 
appearance of non-commutative and non-associative terms is unavoidable in many regimes 
important to Gravity and Cosmology [D 8 D], which is like an elephant in the room [D 9 D] with 
researchers in that arena because even those few who know it is a problem don’t know how to 
deal with it.  We all need to learn how to work with numbers the way we paint and bake. 
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