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Nature often has a way of reflecting some structure in a repeated series. The spin 1/2 system with
Pauli matrices for operators appears in a wide range of physics, from isospin to atomic models. Nature also
exhibits both discrete and continuous properties. The use of discrete structures appears in various guises.
Goyal illustrates a manner by which a mathematical quantum field of abelian elements may be demonstrated
within a discrete structure. The concatenation of paths is a product, and Stern-Gerlach apparatuses acts as
and addition operation between paths. Some spacetime exhibit a discrete structure as well with respect to a
constant propertime, or interval. In particular this holds with the the Taub-NUT spacetime. This spacetime
is similar to a black hole spacetime, but where time determines the occurrence of the event horizon instead
of time [2]. The Taub-NUT spacetime has correspondences with the anti-de Sitter (AdS) spacetime [3]. The
Taub-NUT spacetime discrete structure is a discrete coset, which carries over to the associated AdS .

In tandem is the classification of black holes with respect to an equivalency with entanglements of 3 and
4 qubits. The Taub-NUT spacetime is essentially an S-dual version of a black hole, where mass is replaced
by a NUT parameter. The NUT parameter is a gravitational magnetic analogue to mass. The S duality
and general U duality then preserves the isomorphism between qubit entanglements and the structure of
the Taub-NUT spacetime. There is this additional discrete structure, which plays a role in the conformal
completion of the AdS and the equivalency between

The AdS/CFT correspondence indicates how the isometries of an AdS spacetime are equivalent to
the conformal symmetries of a quantum field on the boundary. This further is extended with black holes,
where the AdS spacetime forms a perfect box for the containment of a black hole. The BTZ black hole
in 2 + 1 dimensions is transformable into the AdS spacetime in a straighforwards way [4]. This leads
to the holographic conclusion that information contained on the event horizon of a black hole shares some
equivalency with the information contained on the boundary of the AdS spacetime. Consequently, the
information mechanics of black holes maps in some manner which preserves quantum information.

This paper exploits some results with the discrete conformal completion of the AdS spacetime. This is
connected to the discrete group system with the Taub-NUT spacetime, which has a discrete periodicity due
to the horizon occurrence with a certain value of time instead of radius, as is the case with a black hole.
The discrete structure is with points on hyperboloids of equal propertime, suggesting a sort of discretized
”quantum time.” The AdS spacetime and the Taub-NUT spacetime have a correspondence, which means
the discrete structure of the Taub-NUT corresponds to the same in AdS, which might be compared to
the tessellation patterns in the AdS2 spaces depicted in Escher’s Limit Circle drawings. On the AdS the
tessellation pattern weaves up to the boundary and defines the conformal completion of the space, which is
equivalent to a Heisenberg group for the conformal group of quantum mechanics.

The Taub-NUT spacetime has the topology S3 × R, which is generically similar to the geometry of a
black hole [2]. The metric signature for time is contained in the three-sphere instead of the real number line
R. This means the hyperbolic structure of the spacetime is embedded in the 3-sphere. The spacetime is then
depicted with two dimensions removed as a cylinder with spiraling geodesics. The periodicity which results
from this solution means hyperbolic surfaces in the spacetime have a discrete structure with the periodic
solutions of the spacetime [2]. This periodic structure exists on hyperboloids of constant proper time. This
discrete structure defines a Hausdorff manifold within two adjacent patches of the Penrose conformal diagram.
The discrete structure is unable to cover three patches as there are sharp geodesic separations that exist
which prevent a hyperboloid of constant proper time from being extended continuously across three regions.
Hawking and Ellis discuss this matter in their Large Scale Structure of Space-Time [2]. The manifold is also
a quotient manifold, which it shares with the Anti de Sitter (AdS) spacetime.

The mathematics of discrete Klein groups on AdS is contained in appendix A and further information is
contained in appendix A and in [5][6]. The discrete structure on AdS defines the conformal action of AdS on
a sphere of one dimension lower. This is Klein group version of the AdS/CFT correspondence. The AdSn+1
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group of isometries O(n, 2) contains a Möbius subgroup, or modular transformations, so that this discrete
group does not necessarily act effectively on AdSn+1. This means that the discrete group Γ is not necessarily
convergent on the boundary space Mn. Such a convergence means there exists a sequence gi ∈ Γ which
admits a ”north-south” dynamics of poles p± on a sphere, which in the hyperbolic case defines the past and
future portions of a light cone. The limit set of a discrete group is a closed Γ-invariant subset that defines a
ΛΓ ⊂ Mn so the complement ΩΓ acts properly on Mn. This Γ-invariant closed subset of ΛΓ ⊂ Ln is the
space of lightlike geodesics in Mn. This has some interesting properties. The action of Γ on ΩΓ ∪AdSn+1 is
contained in Mn. The open set ΛΓ is the maximal set that the Γ acts properly on ΩΓ ∪AdSn+1. The other
is the discrete group Γ is Zariski dense in O(n, 2).

AdS, Taub-NUT and conformal fields

The AdS/CFT correspondence illustrates how gravitation in the interior of an anti de Sitter (AdS)
spacetime is equivalent to a conformal field theory (CFT) on the conformally flat boundary of that space [7].
This indicates that gravitation is an emergent field in the universe. The basis theory is a duality between
Type IIB string theory on AdS5 × S5 space and a supersymmetric N = 4 Yang-Mills gauge theory on the
4-dimensional boundary of AdS5. This means that ∂AdS ∼ CFT4 as AdS supersymmetry on S5. The
superconformal algebras of the two match. SUSY theories have 8N generators, where for 32 generators
N = 4 which corresponds to the bosonic internal group SU(4) × U(1)R, R means right symmetry. The
isometry group of S5 is spin(6) ∼ SU(4). Given the ”two times” on AdS the isometry group of AdS5×S5

is SU(2, 2)×SU(4). The AdS5 has negative Gaussian curvature. This curvature is from a 5-form which has
a positive curvature on the S5. On the boundary the gravitational curvature is zero.

There is also an AdS4/CFT3, or AdS4×S7, with 4N SUSY generators in spin(N ) contains 32 generators.
The supergravity (SUGRA) contains a 3-form ω(3) with elements of M2 and M5-branes, or black branes.
The remaining isometry group on one dimension lower is SO(8), which with the isometry of the AdS3 gives
spin(3, 2) × spin(8). Fixing a vector direction in spin(8) on S7 defines a 7-form for a magnetic field flux.
The metric for AdS7 × S4, or AdS7/CFT6 is dual to AdS4/CFT3.

For a spacetime which has a static electromagnetic field there is the vector potential Ae that determines
a field two form Fe

Ae =
q

r
dt → Fe =

q

r2
dt ∧ dr

which has a Hodge star duality to a magnetic monopole field

Fm = ∗Fe = qsin(θ)dθ ∧ dφ → Am = qcos(θ)dφ

which indicates how in a pure dual setting for the EM field the electric potential is associated with a
magnetic monopole Am. The duality involves the exchange of the electric vector along the time direction
with a magnetic potential along the azimuthal angle. A similar situation exists for general relativity. The
Schwarzschild black hole, or spacetime, is dual to a spacetime where the radial direction for the field is
replaced by time. Consider the Schwarzschild metric

ds2 = Adt2 + A−1dr2 + r2(dθ2 + sin2θdφ2), A = 1 − 2M/r

Just the Hodge star of the field two-form for the electric field gives a dual magnetic monopole field, the
Hodge star of the Riemann curvature tensor

∗Rabcd = R̃abcd =
1
2
εabefRef

cd

gives the dual metric

ds2 = B(dt + 2Ncosθdφ)2 + B−1dr2 + ‘(r2 + N2)(dθ2 + sin2θdφ2), B = (r2 − N2)/(r2 + N2).

Here N plays the role of M , but in this case is the NUT parameter, or a gravi-magnetic mass — analogous
to a magnetic monopole. This is a form of the Taub-NUT spacetime metric. For the azimuthal angle θ = 0
there is then a z-directed metric term analgous to the vector potential along a Dirac monopole string [3].

2



This duality is connected to supersymmetry. We normally think of physical theories as equivalent under
dualities. Within duality theories there is the BPS bound such as M =

√
m2 − Q2 which is bounded and

protected from quantum corrections. The supersymmetric content is contained by the G2 which provides
the triality condition in the J3(O) between the vector V and the θ and θ̄ spinor fields. There exists a
7-dimensional tri-Sasaki fibration over a quaternion Killing vector system on AdS-Kerr-Newmann-Taub-Nut
metrics, which are of weak G2 holonomy.

The supersymmetric transformations on the Dirac spinor field are determined by the Killing spinor
equations with G2 holonomy. The holonomy due to G2 is the triality condition on the three octonions in
J3(O), which by the above argument determines a supersymmetric transformation on the fields. The solution
to the equation pertains if the system is at the BPS bound with M + N = q + g . The supersymmetric
generators Q and Q̄ obey the anticommutator

{Q, Q̄} = γaPa + γ5γ
aZa − i(A + γ5B), Z0 = N = NUTparameter

and there is the condition on the Killing vector (M − i(q − γ5g)γ0)K = 0. In this stationary situation
the anticommutator is

{Q, Q̄} = M + γ5 − i(q + γ5g)γ0.

These are connections between the TN spacetime and supersymmetry as determined by a G2 holonomy.
This is then an intertwiner between the three octonionic elements of the Jordan exceptional algebra in 11
dimensions. It is this intertwined relationship which transforms the 26 dimensional bosonic string theory to
the 10 or 11 dimensional string theory.

The Taub-NUT spacetime admit discrete isometries which define points on constant hyperboloids. Hy-
perboloids with constant s2 = t2 − x2 define orbits which are isometries in the region I (M̃, η̃) which leave
a vertex point shared by the wedges I, II, III fixed according to the Lorentz group. The space (M, η) is
then the quotient of (M̃, η̃) with the discrete group G. The isometry G has properly discontinuous action
upon region I. (I, η̃) is a Hausdorff manifold by properly discontinuous action. The action extends to regions
I and II so that (I + II, η̃)/G is also a Hausdorff space. However, this does not extend to all regions
I, II and III [2]. The critical ingredient is that the spacetime manifold M and the group of isometries G
define a coset manifold M/G. This structure is preserved in the anti-de Sitter case. The discrete group on
the Taub-NUT spacetime map pairs of points (t, x) to (t cosh nπ + x sinh nπ, x cosh nπ + y sinh nπ)
which is preserved across the mass-gap.

The correspondence between the Taub-NUT and AdS spacetimes is derived in 2 + 1 spacetime. The
equations of motion obtained from

S =
1
2π

∫ √−g(R − 2/Λ)d2xdt

in 2 + 1 spacetime define the metric

ds2 = −N2dv2 + N−2du2 + r2(Nφ + dφ)2.

The Lapse function N = N(u) and Nφ(x), (u, v) = = (r, t) or (t, r) (with an implicit change in metric
signature) for Reissner-Nordstrom or Taub-NUT spacetime, are given by

N2(u) = −m + Λu2 + a2/4u2, Nφ(u) = −a/2u2.

The metric has a pair of horizons defined by u2
± = m/2(1 ±

√
1 − Λ(a/m)2. The horizon u+ exists for

M > 0 and |a| ≤ m/
√

Λ. For the mass m → 0, where by necessity a → 0, the metric reduces to the
metric

ds2 = Λu2dv2 − (Λu2)−1du2 + r2dφ2,
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where the horizons disappear [4]. For a negative mass, 0 > m > 1, the singularity is naked, and for
m = −1 the metric becomes anti-de Sitter metric (or AdS2 × S) in stationary coordinates,

ds2 = −(1 − Λu2)dv2 + (1 − Λu2)−1du2 + r2dφ2.

In the case of u = t a radial direction may be defined by the proper time ρ =
∫ √

1 − Λt2dt There is a
mass gap ∆m = −1 between the black hole or Taub-NUT spacetime solution and the AdS2×S spacetime.
The r2dφ2 may be extended to higher dimensions. The AdS4 decomposes to AdS2 × S2 near a black hole
horizon in the spacetime.

The N = 2 supersymmetry is shown below to be associated with the Taub-NUT space through the
G2 exceptional group and holonomy. The AdS supersymmetry contains 8N generators, which for N = 2
in 4 dimensions correlates with Taub-NUT spacetime SUSY. However, there are 23 = 8 times as many
generators in the AdS7 case. This is illustrated as due to the distinction between the SO(8) structure
of qubits, which are associated with entanglement entropies of black holes dual to AdS7, and the G2 of
the Taub-NUT spacetime. The automorphism of the SO(8) is the semidirect product of the SO(8) with
S3 ' GL(2, 2). The fixing of a vector on SO(8) reduces to SO(7) is given by G2 with coset relationship to
S6. This necessitates a coset construction on the AdS spacetime with the center Z3 of the cubic density of
the G2. This discrete group further defines a conformal completion on the AdSn to match up the number of
SUSY generators.

Exceptional groups and the G2 and Calabi-Yau 3-forms

The exceptional group G2 is the automorphism on the octonions O, or equivalently that F4×G2 defines
a centralizer on E8. The fibration G2 → S7 is completed with SO(8), where the three O’s satisfy the
triality condition in SO(8). So the three octonions in the exceptional J3(O) exhibit a triality condition
inherited from SO(8) by the fibration of G2. The triality condition of SO(8) can be seen with the Dynkin
diagram with 3 elements oriented 2π/3 from each other. So we might consider the role of G2, which has as
it maximal subgroup SU(3) and thus has QCD-like physics, as a source for the three colors. Indeed G2 was
considered as a possible candidate for hadronic gauge theory, and below the QCD-like elements are explored
[8].

G2 is the isotropy group of three forms in 7 dimensions. This definition and early structure was advanced
by Fredrich Engel and his student Walter Reichel in the early 20th century. G2 acts on seven dimensions,
the S7 sphere with 32 − 1 generator for a total of 14 dimensions. Consider the complex space C5 and then
for every point a ∈ C5, let the 2-plane πa exist in the tangent space TaC5 as the zero set of the Pfaffian
system

dx3 = x1dx2 − x2dx1, dx4 = x2dx3 − x3dx2, dx5 = x3dx1 − x1dx3.

There then 14 vector fields on C5 whose local flows map the planes πa to each other satisfy commutator
relations of the Lie algebra g2. Engel derived it from the first by a contact transformation, while Cartan
identified g2 as the symmetries of the solution space of the system of second order partial differential equations
(f = f (x, y))

fxx =
4
3
(fyy)3, fxy = (fyy)2.

The complex Lie group G2 has two non-conjugate 9-dimensional parabolic subgroups P1 and P2, and G2

acts on the two compact homogeneous spaces M5
i := G2/Pi, i = 1, 2 [9]. The lattice inside the maximal

linearly independent, pairwise commuting elements of G2 are spanned by the 12 roots of g2, the root lattice,
with 2 additional roots at the origin. The roots define a hexagonal planar lattice. The 9-dimensional
parabolic groups P1 and P2 subgroups of G2 with Lie algebras p1 and p2. By general results, the space
G2/Pi is a compact homogeneous variety, and a projectivization of the representation space Vi with highest
weight ωi as the G2 orbit of some distinguished vector vi ; but ωi generates the 7-dimensional representation,
here spanned by the six short roots and zero with multiplicity one. ω2 is the highest weight of the adjoint
representation that is spanned by all roots and zero with multiplicity two.. This means that

M5
1 = G2/P1 = G2 · [v1] ⊂ P (C7) = CP 6,
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M5
2 = G2/P2 = G2 · [v2] ⊂ P (g2) = CP 13.

The first space M5
1 is thus a quadric in CP 6..

There are two real 9-dimensional subgroups Pi inside the noncompact real form G2 corresponding to the
complex parabolic groups Pi ⊂ G2; but they have no counterparts in the compact Lie group G2 (roughly
speaking, g2 ⊂ so(7) consists of skew symmetric matrices, while parabolics are always upper triangular):
a maximal subgroup of G2 is isomorphic to SU(3) and thus 8-dimensional. M5

1 is a projective variety over
generic three forms in 7 dimensions, where the three forms have dimension

dimG = dimGL(7, C) − dimΛ3(C7) = 14.

The second algebraic varieity M5
2 = G2/P2 ⊂ CP 13 is a more complicated projective algebraic variety: it

has degree 18 and its complete intersection with three hyperplanes is a K3 surface of genus 10. Geometrically
G2/P2 in terms of ω is seen in the 21-dimensional representation Λ2C7 splits G2 into g2⊕C7. Consequently
G2/P2 is a subvariety of P (Λ2C7) as well. By the Plücker embedding, the 14-dimensional Grassmann variety
G(2, 7) of 2-planes in C7 lies in P (Λ2C7).. This then leads to a GL(7, C) group structure on 2-planes, which
is a gauge-like fibration.

G2 act as an internal gauge structure, which has a triality on the octonions. The Mathieu group is
an automorphism on the Fischer Greiss group with a high order triality condition [10]. This three color
system would then be an internal gauge structure on the octonions which results in three-way products with
nonassociative structure.

In general we may consider the manifold M4 × M7, where M4 may be any spacetime (M, g). The
simplest spacetime is a Minkowski spacetime. The structure defines a four dimensional field theory which
for N -Killing spinors is N supersymmetric for a G2 holonomy on M7. The exceptional group G2 is the
automorphism group of the octonions o = x0I + ‘xaea for the basis elements ea obeying the algebra

eaeb = −δab + ωabce
c

where the tensor Ωabc is determined by products of three octonionic elements which are G2 invariant. This
is the tensor component of a three-form Ω which is expanded according to elements on the M7 as

Ω =
1
3!

ωabcea ∧ eb ∧ ec

= e1 ∧ e2 ∧ e3 + e4 ∧ e3 ∧ e5 + e5 ∧ e1 ∧ e6 + e6 ∧ e2 ∧ e4 + e4 ∧ e7 ∧ e1 + e5 ∧ e7 ∧ e2 + e6 ∧ e7 ∧ e3

= e1 ∧ e2 ∧ e3 + (1/2)ei ∧ em ∧ Jimnen

so the spin tensor Jimn has the element i = 1, 2, 3 and m, n = 4, 5, 6, 7. The second line of this equation
is equivalent to the projective Fano plane, or the multiplication rule for octonions. This is an aspect of the
alternativity of the octonions which define triplets of quaternions as seen in the index i.. The product of the
octonionic elements means the product of spin tensors obeys

Ji · Jj = −δij + εijkJk.

By definition the G2 holonomy means the 3-form is closed dΩ = 0, and the Hopf fibration S3 ↪→ S7 → S4

induces a symmetry between elements in seven dimensions so d∗Ω = 0. In addition for the spin connection
σab, the projection with the tensor is zero ωabcσ

ab = 0. This means that Ω is covariantly constant,
which is a condition it being a Killing spinor. This gives a set of first order differential equations for the
metric elements, The existence of additional covariantly constant field-form restricts the G2 holonomy so the
Killing spinor equation has more than one solution and the 4 dimensional field theory has extended N > 1
supersymmetry..

This Killing spinor is related to the conformal curvature equation

ĝabDa∂bρ =
1
6
R̂ρ.
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The diffeomorphic plus Weyl transforms a string world sheet metric as

δab = −(∇aδσb + ∇bδσa − gab∇cδσ
c) + (2δω − ∇ · δσ)gab.

The moduli are defined as variations δ′gab which are orthogonal to the diff+Weyl variations. This leaves the
conformal Killing equation

∇aδσb + ∇bδσa − gab∇cδσ
c = 0.

The orthogonal variation which defines the moduli may be defined with the string world sheet action. The
result is that ∂bρ = Kb is a Killing vector, and a conformal Killing vector as well. We then let the conformal
factor determine maps Ω : M4 → M ′4 on the above spacetime so that the total action in n = 10 or 11
dimensions

L =
1
k2

∫
dnx

√
g(R −

∑
p

dαp ∧ d ∗ αp)

remains invariant. The result is that the Killing isometries act on the quaternionic space.

There are two such Killing vector which act on the quaternionic space

K = k1∂t + k2∂σ,

Which defines the two dimensional plane embedded in the tangent space of C5. This two-plane defines the
isometry of the G2 manifold, as does the Killing vector. The Killing vector is then a particular Pfaffian-form
with dK = 0, formed from a linear combination of 3-forms which act on the M7. The Killing vectors then
define fixed points, which are due to the intersection of 6-dimensional surfaces, or D6-branes. The boundary
between intersection D6-branes then determine the occurrence of D5-branes. The holonomic action of G2 is
then set by dK = 0, or equivalently above dΩ = 0. The flat connection term on the G2 has a YM action
of the form

SY M =
∫

d4x

∫
d5x

∫ z′

0

dz

z

[
(AµaAµa)2 + (AµzA

µz)2
]
,

For a non-flat connection on spacetime there will also be a dF 2 term as well.

The difference in dimension with the intersecting D6-branes induces a U(1) fibration on the D6-branes
with a cyclic condition g(0) = g(2πR) = 1 which induces a short exact sequence. The vacuum configurations
are then a set of all Kähler spaces which satisfy this cyclic condition, which is equivalent to the Taub-
NUT spacetime. The Taub-NUT spacetime in five dimension is then the M5

1 = G2/P1 contained in
P (C7) = CP 6. The Taub-NUT spacetime is then the set of vacua and contains the symmetries of the
Anti-de Sitter spacetime.

Quantum bits, moduli spaces and the classification of entanglements

Coset structure of Lie groups define different quantum entanglements. The discrete structure on the
Taub-NUT spacetime, which carries over to the AdS2 constructs the Heisenberg groups. This suggest Taub-
NUT-AdS/Γ has a classification equivalent to entanglement configurations. The AdS2 spacetime has an
SL(2, R) isometry group. The reduction of AdS4 to AdS2×S2 gives the isometry group SO(2, 1) ∼ SL(2, R)
of AdS2, the symmetry group of conformal quantum mechanics. The AdS4 has the isometry group SO(3 2),
which contains the Lorentz group SO(3, 1) ∼ SL(2, C) The SL(2, C) may be constructed by SL(2, R)×
SL(2, R) := SL(2, C)2. The important group theory results is that a discrete subgroup Γ subset SO(2, n, Z)
that obeys certain regular properties for accumulation points in the discrete set AdSn+1/Γ defines a conformal
action of Γ on the sphere Sn, which is a discrete form of the Lorentz group. We may then extend this to the
AdS7, where the conformal completion is a discrete form of SO(6, 2) in 8 dimensions.

There exist mathematical correspondences between black holes and entanglement theory. 3-Q-bit theory
is related to BPS black holes and 4-Q-bit entanglements are related to extremal black holes. And this leads
to STU theory of coset QFTs with entanglement and entropy correspondences [11]. The Stochastic Local
Operations and Classical Communication (SLOCC) is a relationship between states in entanglement and
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teleportation. Two states are SLOCC related by a teleporation if they can be inter-converted to each other
in a reversible manner with some probability of success. This uses group theory, where the group GSLOCC

for this process is an N -partite system of q-bits with some group GL(2, C). The states further transform
as a (2 2, ..., 2).

GSLOCC = SL(2, C)1 ⊗ SL(2, C)2 ⊗ . . .⊗ SL(2, C)N ,

which is the group that acts on the moduli space of black holes and is the U duality group. A composite
state is then,

|ψ12...N 〉 = SL(2, C)1 × SL(2, C)2 × . . .⊗ SL(2, C)N |φ12...N 〉
So this is an N -partite quantum information system where the entanglements are determined by the group
element GSLOCC and polynomials of this group. This is the moduli space for black holes composed of Q-bits
and the U-duality group [11].

For a 2 Q-bit system this construction is apparent. You have a state of the form
∑

ij aij |i, j〉 for i and
j running form 0 to 1. The elements aij transform as (2, 2) of the GSLOCC . The invariant element is the
determinant of these matrices so det(aij) transformed under the GSLOCC into

det(aij) → det(a′ij) = det(Ui′iaijU
′†
j′j) = det(aij)

with the obvious result on the determinant of a product that the transformation elements have unit de-
terminant. The entanglement entropy is given by this measure so Sij = 4|det(aij)|2. For multipartite
systems the same rule generally applies, but the matrix interpretation is different. For an N -partite system
the entanglement entropy is given by a 2× 2× . . .× 2 (N times) set of elements. This leads to the entangled
states |00〉 + |11〉 and |01〉 + |10〉 (without normalization) for singlet and triplet entangled states.

For a 3 q-bit system the amplitudes are elements aijk — a 2× 2× 2 element that is not a matrix, which
has no diagonalization procedure. We then have to focus on invariants. The determinant is replaced by a
hyperdeterminant that transforms as a (2, 2, 2), and there are elements σi, σj , and σk, co-invariants, that
transform as (3, 1, 1), (1, 3, 1) and (1, 1, 3) of the GSLOCC . So these four then construct entanglement
measures Sijk, Sij , Sik and Sjk, for the GHZ state and the bipartite elements which for a W-state. Further
details are found in appendix B.

The four Q-bit system is GSLOCC = SL(2, C)4 with 4 × 3 = 12 complex parameters and the state
variable is ψABCD and has 24 = 16 complex parameters. The entanglement of 4 Q-bits is then 16 − 12 = 4
coset space given by

(C2)4/(SL(2, C)4

The entanglement space is not a discrete set as seen with the 3 Q-bit system, but is now given by a continuous
set of parameters in this coset group. There are now an infinite number of possibilities. The 4 Q-bit has
GSLOCC flows or orbits of the state ψABCD, where SO(4, R) SL(2, C), and we can convert the SL(2, C)4

into SO(4)4 and use SO(4, C) = SO(4)2. The orbits of the GSLOCC are the an SO(8) conjugacy class,
where appendix C contains further details. The Kostant- Sekiguchi correspondence [11] indicates how these
nilpotent orbits correspond to the extremal classification of black holes in the STU model.

The entanglement space is not a discrete set as seen with the 3 Q-bit system, but is now given by a
continuous set of parameters in this coset group. There are now an infinite number of possibilities. The
4 Q-bit has GSLOCC flows or orbits of the state ψABCD SO(4, R) ∼ SL(2, C), and we can convert the
SL(2, C)4 into SO(4)4 and use SO(4, C) = SO(4)2. The orbits of the GSLOCC are the an SO(8) conjugacy
class. The set of nilpotent orbits is a classification of SO(8, C).. With extremal black holes the condition
is given by these nilpotent orbits on the moduli space. A nilpotent orbit is where there is a group G with
algebra g, then for a ∈ G and b ∈ g then the adjoint action of a and b is

b → b′ = aba−1

A nilpotent orbit is given by bn = 0 and this is stationary as it is clear than b′n = bn, and are a fixed
point in the moduli space. This Lie group homomorphism SL(2, C)2 ∼ SO(4, C) converts ψABCD to a
(4, 4) of SO(4, C)2, so then under SL(2, C)2ψABCD transforms as

ψABCD → ψ′ABCD = UA(x)UB(x)UC(x)UDψABCD
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= [UA(x)UB(x)]ψABCD[UC(x)UD(x)ψABCD]T = MABψ(AB)(CD)N
T
CD

and is a convenient transformation MψNT = ψ′ for U in SL(2, C) and M and N in SO(4, C).

The ρ ∈ (4, 4) of SO(4, C)2 is a 1 to 1 correspondence between GSLOCC of φABCD with (2, 2, 2, 2)
representation and ρ of SO(4, C)2. We then construct the pair of these as the matrix

ρ∗ =
(

0 ρ
−ρT 0

)

with the Cartan decomposition of so(8, C) ∼ p + q into these two elements with are involutory and an
isomorphism of I4 ⊕ (−I4). The elements p and q are the +1 and −1 eigenspaces with elements

( ∗ 0
0 ∗

)
, and

(
0 ∗
∗ 0

)

from which is that we have elements that are nilpotent orbits on so(8) given by those on SO(4). This is the
action of p on SO(4)2 on q.

The (4, 4) constructs so(8), as well as the action of so(4, C) elements. These are nilpotent and if
semi-simple. The 4 Q-bit representations then have a finite number of nilpotent orbits which are catalogued
as:

Gabcd = 0 fully separable

Labc2 = |0110〉
La2b2 = |0000〉 + |0011〉 biseparable

Lab3 = i/
√

2(|0001〉 + |0010〉 + |0111〉 + |1011〉)
La4 = (i|0001〉 + |0010〉 − i|1011〉) W state

La203⊕1 = |0011 > + |0101〉 − i|0110〉
L05⊕3 = |0000〉 + |0101〉 + |1000〉 + |1110〉
L7⊕1 = |0000〉 + |1011〉 + |1101〉 + |1110〉

L03⊕003⊕1 = |0000〉 + ‘|0111〉 GHZ state

where there is a connection to the 3 Q-bit problem with known states. The others are not known within the
3 Q-bit model.

A type IIa string realization is with T 2 × T 2 × T 2 = T 6 compactification in the interaction with D0,
D2, D4. D6 branes. Each T 2 is a Q-bit. The four vector fields have their electric and magnetic charges
qi, gi, i = ‘1, 2, 3, 4. The complex scalars STU parameterize the coset group

G/H = [SL(2, R)/SO(2)]× [SO(2, 2)/SO(2)× SO(2)] = SL(2, R)3/SO(2)3

where the duality group is SL(2, R)3 which under complexification gives the q-bit with GSLOCC = SL(2, C)3.
The moduli space is Kahler as well, and this can be embedded into an N = 8 SUSY model. The spherical
symmetry of spacetime leads to a metric

ds2 = e−2V dt2 + e2V hijdxidxj

where the Lagrangian gives the black hole potential equation which is motion in one dimension

(dU

ds

)2

+ Gab
dφa

ds

dφb

ds
− e2V V (φ, p, q) = 1
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where
V =

1
2
(p, q)M(p, q)T

for

M =
(

m + nm∗n nm−1

M−1n m−1

)

and the horizon for extremal black holes is A/4π = N . The potential function is such that charges are
independent of the moduli space at the horizon. This entropy is then given by the potential function and is

S =
A

4
= |V | = π|D(g, q)|1/2for

D(g, q) = −(g ∗ q)2 + 4[(g1a1)(g2q2) + (g1a1)(g3q3) + (g2a2)(p2q2) − 4g0g1g2g3 − 4q0g
1g2g3

which is SL(2, C)3 invariant and obeys a triality invariance on the exchange of 1, 2, 3 on electric and
magnetic charges. The charges correspond to each of the tori which in the 3 Q-bit system are the Alice Bob
and Carl bits.

The triality means we can return to the 3 Q-bit arrangement as a subset here with |ψABC = aABC |ABC〉.
This tripartite entanglement arrangement is the subset which is triality and there is the hyperdeterminant
which gives the entanglement entropy SABC = 4|DetaABC |. The specific charges are then related to the
specific amplitudes aABC as

g0 = a000

g1 = −a001

g2 = −a010

g3 = −a100

q0 = a111

g1 = a110

g2 = a101

g3 = a011

which form an 8 column vector. Now the left hand side values are real valued and the right hand side terms
are complex valued. These are SL(2, R)3 and SL(2, C)3 invariants which are related by a complexification.
There is then on the ”middle dimension” in complex value a diffeomorphism between the real valued quantum
bits and the complex valued amplitudes. From this we may construct the Dp-branes on event dimensions as
”double down” on the dimension of the charges of the Q-bits.

The entropy entanglement of the system is given by the hyper-determinant on the 3 Q-bit system

D(g, q) = −DetψABC

S = π
√
|D(g, q)| = π

√
|DetaABC | = (π/2)

√
SABC ,

which is the tripartite entanglement entropy.

We may the form a table for the Dp-brane correspondence for the D = 4 black hole with 8 charges.
This is a 3 Q-bit interpretation of the 8 charges (4 electric and 4 magnetic) and the Dp-brane p = 0, 2, 4, 6
wrapped on the T 6[12]. The |ABC〉 corresponds to a wrapping on the 4−5 dimension for A = 1, a wrapping
on the 6 − 7 dimension for b = 1 and wrapping on the 8 − 9 dimension for C = 1, and no wrapping for
any of these equal 0. So if we do our counting we have

g0 = |000〉 → D0

9



g1 = |001〉 → D2

g2 = |010〉 → D2

g3 = |100〉 → D2

g1 = |110〉 → D4

g2 = |101〉 → D4

g3 = |011〉 → D4

q0 = |111〉 → D6

We may then classify these BPS black holes according to their charges, and compare this to the SUSY
classification of BPS black holes. The Dp-brane in dim = 10 has the metric

ds2 = H−1/2dσ2
p+1 − H1/2dσ2

9−p

exp(2φ) = H−(p − 3)/2
p F01,...,p = ∂iH

−1
p

for H harmonic with transverse direction dependency. The orthogonal D-brane intersections are according
to relative and overall transverse direction xr and xt with

ds2 = ∗(∗ ∗ ∗∗)(−−−−−) : H1ds2 = ∗(−−−−)(−−−−−) : H2

where here the first four correspond to relatively transverse direction and the last five are overall transverse
directions. These rules determine whether the BPS black hole is 1/2, 1/4 or 1/8 supersymmetric. So the
two metrics here is a D4-brane intersecting a D0-brane on the relatively transverse directions.

So with the one charge with a D0 brane we have the 3 Q-bit state |000〉 which is the completely separable
state. Now we look at the intersections of D0 and D4 branes for a 1/4 supersymmetric entanglement. These
will be

g0|000〉 + q1|110〉, g0|000〉 + q2|101〉, g0|000〉 + q3|011〉
which are standard bipartite entanglements. These are AB−C, AC−B and BC−A entangled states. The
next are 3 D4-branes (3 charge BPS black hole) in 1/4 SUSY for the W state and this is

q1|110〉 + q2|101〉 + q3|001〉

and is the triangular configuration of entangled states. Then next is the 4 charge BPS black hole with 1
D0-brane and 3 D4-branes, 1/8 SUSY is the GHZ state,

g0|000〉 + q1|110〉 + q2|101〉 + q3|011〉.

This matches the entropy configuration of a large black hole, where all SIJ and SIJK are nonzero.

The D0 configuration is the completely separable condition A−B−C with one charge and is 1/2-SUSY
and all entropy measures are zero. For the A− BC, AC − B and AB − C, two charges, the corresponding
SIJ is non-zero and these are 1/4-SUSY, the W state for three charges has all SIJ are non-zero and the
entanglement classification is 1/4-SUSY. All of these are small black holes. The GHZ state, for four charges,
is then all entanglement entropy measures are nonzero and 1/8-SUSY and this is for a large black hole.

There is a 5 charge black hole case, which is a generating solution. These are NS5 brane charges. 3
T-duality transformations along the three T 2 tori directions and convert this to a Type IIB theory with
D3-branes. For wrapped brane the 3 Q-bit interpretation of an 8 charge black hole form 4 D3-branes with
wrapping numbers Ni, i = 1, . . . , 4 and we allow the N4 to intersect at an angle theta we assign on the
4, 5, 6, 7, 8, 9 directions a unit along one of the pairs (4, 5), (6, 7), (8, 9) and a zero on the other. A 0 ket

10



entry then corresponds to a unit in the first and zero in the other, and a 1 ket entry a zero in the first and
unit in the second. This results in the table:

(1, 0)(1, 0)(1, 0)charge = g0 flux = 0|000〉

(0, 1)(0, 1)(1, 0)charge = q1 flux = 0|110〉
(0, 1)(1, 0)(0, 1)charge = q2 flux = −N3sinθcosθ|101〉
(1, 0)(0, 1)(0, 1)charge = q3 flux = N3sinθcosθ|011〉

(0, 1)(0, 1)(0, 1)charge = q0 flux = N0 + N3sinθcosθ|111〉
(1, 0)(1, 0)(0, 1)charge = −g1 flux = −N3cos

2θ|001〉
(1, 0)(0, 1)(1, 0)charge = −g2 flux = −N2|010〉
(0, 1)(1, 0)(1, 0)charge = −g3 flux = −N1|100〉

The linear sum of these states constructs the state

|ψ〉 = −N3sinθcosθ|101〉+ N3sinθcosθ|011〉+ (N0 + N3)sinθcosθ|111〉 −N3cos
2θ|001〉 −N2|010〉 −N1|100〉

which is a generating solution. We can the use the moduli space and coset construction of nilpotent orbits
to construct another charge. This NS5 charge is then associated with the NS5-brane of the black hole or
the ”black brane.”

The 3 Q-bit construction involves a mapping from charges to states, with an underlying real to complex
mapping. So we have this black hole charge to states which is artificial. This is far more seamless if we
transition to the 4 Q-bit case with the SLOCC SL(2, C)2 which define orbits on ψABCD in (2, 2, 2, 2) .
Again for D = 3 the correspondence with SO(4, C) gives this according to nipotent orbits on SO(4, C)2 on
(4, 4). The Kostant Sekiguchi correspondence [11][13] for the SO(8, C) maps nilpotent orbits of SO(4, C)2

on the (4, 4) to the orbits of SO(4, 4) on the adjoint 28 for the black hole [11]. These nilpotent orbits then
correspond to the extremal classification of black holes in the STU model.

We again consider the STU model with the action

S =
∫

d4x
(
R + Gab∂za ∗ ∂z̄b

− Re mIJF IF J − Im nIJF I(F ∗)J
)

which we reduce along the timelike directions. The action for such models is for N = 2 supergravity coupled
to 3 vector multiples with: 1 graviton, 4 vector fields, and 3 complex scalars = S,T,U. This is possible if
there is an overall timelike Killing vector, which exists in spherically symmetric solutions. So we consider
the moduli space in D = 4 as

M4 = G4/H4 = sl(2, C)3/SO(2)

with 8 charges that transform as the (2, 2, 2) of SL(2, C)3. So the compactification on the time direction
gives this as a D = 3 duality group with SO(4, 4) and the moduli space is then

M ′
3 = SO(4, 4)/SO(2, 2)× SO(2, 2),

where the prime means metric signature change. The static spherically symmetric assumption permits us
do dualize all vectors and gravity decouples and there is dynamics on the moduli space with

S =
∫

dthij∂sφ
i∂sφ

j
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such that geodesics on the moduli space metric hij correspond to different solutions. The time reduction then
describes dynamics of gtt on the moduli space, and this dynamics corresponds to geometric and regularity
conditions on the D = 4 space. These geodesics are then constructed from diff-geo techniques for bundles
with group theory on M ′

3. The line element for the moduli space is then

ds2 = hijdφidφj = tr[dMdM−1]

for the matrixes M = UUT constructed from G/H. The action is then give by

S =
∫

dthij∂tφ
i∂tφ

j =
∫

dthij∂sM∂sM
−1

The equations of motion are easily compute as

d/ds(M−1dM/ds) = 0 → M−1dM/ds = Q

where Q is a matrix of Noether charges that are constants of the motion along the geodesic. Q is nilpotent
by the extremality condition, and defines a charge which gives these solutions M on the coset space. Then
M(s) = M0e

Qs. On the group theory and algebra level the so(4, 4) algebra has the decomposition

so(4, 4) = so(2, 2) + so(2, 2) + (4, 4) = sl(2)2 + (2, 2, 2, 2)

Now since the M is in the coset space SO(4, 4)/SO(2, 2)×SO(2, 2) the Noether charge is then in (4, 4), or
when converted to sl(2, R) Q is in (2, 2, 2, 2).

The solution for the motion of the field φi is the geodesic equation

d2φ

ds2
+ Γi

ij
dφ

ds

dφ

ds
= 0

The metric distance ds is then extremal and on the spherical space of symmetry equal to

ds2 = e−2V dt2 + e2V hijdxidxj

The metric is a constraint which gives the Lagrangian

(dU/ds)2 + Gab
dφ

ds

dφ

ds
− e2V V (φ, p, q) = 1

For the constant k2 = hij(dφi/ds)(dφj/ds) = tr[dM/dsdM−1/ds] the k2 < 0 are regular solutions,
0 < k2 are naked singularities and k2 = 0 are extremal solutions. For extremal orbits the Noether charge
is nilpotent under the triality condition so Q3 = 0. The M = eQs for extremal orbits is then

M = 1 + Qs +
1
2
(Qs)2, Q3 = 0

Since SO(4, 4) acts transitively on M then all solutions are found by a M → GMG−1 and so transformations
on these flows is

M ′ = M(1 + Qs +
1
2
(Qs)2)M−1,

and so the conjugacy classes of nilpotent orbits are equivalent to nilpotent Q and given one such Q the set
of G ∈ SO(4, 4) define the class of nilpotent orbits by their action on any nilpotent G [12].

Coset structures, AdS structure and exceptional group realizations

The Klein group with a coset defined by two groups is a Clifford-Klein form. This is a double coset
space Γ\G/H, where G is a reductive Lie group, H ⊂ G a closed subgroup, and Γ a discrete subgroup of G,
where Γ acts properly discontinuously on the homogeneous space G/H. The construction may be extended
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to the anti de Sitter spacetime, for AdSn = O(n − 1, 2)/O(n − 1, 1),[6][14] and the coset construction
with a discrete group is a double coset construction. The AdS7 = SO(6, 2)/SO(6, 1) is related to the G2

group which fixes a vector basis in S7 according to a a triality condition in the Jordan algebra J3(O). The
triality group is SO(8) where spin(7) ∼ SO(7) fixes a vector with the transitive action of spin(7) on the
S7, spin(7)/G2 = S7. The SO(8) has a 28 where the group action which fixes the a frame in the octonions
is the smallest exceptional group G2 [8].

The fixing of a vector in spin(7), or framing of S7, defines the exceptional group G2. G2 is defined by
a three form on a 7-dimensional space. The G2 imposes cubic constraints on SO(7) which reduce the 21
generators of SO(7) to 14 generators of G2 [8]. The 7 dimensions removed are a S7 where SO(7) → G2×S7.
The further coset SO(7)/SO(6) is equivalent to the coset G2/SU(3), where G2 can be seen as decomposed
into SU(3) × S6. The 7 and 14 dimensional representations define the ”dynamics” in a cubic polynomial
which defines a density ρ2 ∼ χ3

7 + . . .. The cubic nature of the density with respect to these characters
results in a Z3 center symmetry, a discrete group applicable to the AdS7.

The discrete group describes a Ising-Potts model of spins, which physically correspond to the (2, 2, 2)
and the hyperdeterminant. These spins physically have the {|0〉, |1〉} states in the AdS7/Z3 ∼ S6 discrete
model, and so correspond to the entanglement system governed by the hyperdeterminant. Consequently,
this illustrates the potential duality between entanglements of states on a black hole horizon and with state
entanglements with the AdS spacetime.

The framed group GL(7, C) contains a unique orbit of 3 forms ω(3). The isotropy group of ω(3) is
isomorphic to G2 with 7 coefficients contained in SO(7, C). ω(3) is given by a contact transformation,
which is invariant by a cubic determinant or Jacobian. The elements of ω(3) are then equivalent to the
hypermatrix Gabcd which gives an elliptic curve Gabcdψaψbψc = 0 [15]. The cubic nature of the density
with respect to these characters results in a Z3 center symmetry, a discrete group applicable to the AdS.
The discrete group describes a Ising-Potts model of spins, which physically correspond to the (2, 2, 2) and
the hyperdeterminant. These spins physically have the {|0〉, |1〉} states in the AdS7/Z3 ∼ S6 discrete
model, and so correspond to the entanglement system governed by the hyperdeterminant. Consequently,
this illustrates the potential duality between entanglements of states on a black hole horizon and with state
entanglements with the AdS spacetime.

This Killing vectors, N for N -SUSY, satisfy a commuting condition except for one which is Kt, which is
not covariantly constant. There is a U(1) fibration over the 6 dimensional space given by the coset condition
G2/SU(3), where G2 can be seen as decomposed into SU(3)×S6. Therefore the space cannot be factorized
and the holonomy is equal to G2, which is a property of G2 manifolds [16]. This constitutes a fixed point set,
and a set of timelike geodesics. These geodesics are identified on the coset space for the gauge connection,
which is the moduli space

For a given Killing vector k, a hypersurface defined by |k|2 = 0 is the fixed point set and degenerates
if the surface gravity vanishes, The fixed points of all Killing vectors are non-degenerate which implies a
periodic identification along the Killing direction to ensure the absence of conical singularities. This fact
is well known from non-extreme black holes where the event horizon is a non-degenerate fixed point set
for a timelike Killing vector. In the case here, the compactness of the Killing direction ensures that the
Kaluza-Klein gauge group becomes U(1) over D6-branes, which are identified as the fixed point set.

The Taub-NUT configuration with the U(1) connection A is

ds2 = B(x)
∑

i

dx2
i + B−1(x)(dt + A)2

with F = dA = ∗dB, for the Hodge ∗ on the three surface. The Bianchi identity on the U(1) gauge
connection and spacetime result in dF = 0 and d ∗ B = 0. This means B = C + g/|r − r′|, which
for C = 1 and g = −N recovers the Taub-NUT metric term The supersymmetry is derived by the Killing
spinor equation ∇µK = 0 for the covariant

∇µ = ∂µ +
1
4
ωab

µ γab
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The spin connection ωab
µ = ωµ

νσeν
aeσ

b is computed from de = ω ∧ e with

ωµνσ = gµ[ν,σ].

for the metric are
ωabc = B−3/2ηa[b]∂c]B

ωabt = = −ωtab =
1
2
B−3/2Fab

ωtat =
1
2
B−3/2∂aB

for η the internal metric. The Killing spinor equations ∇ ·K = 0 are

∇µK = ∂µK +
1
4
B−1ea

µ

(
γb

a∂bB + Fabγ
bt + AaB−1(γbt∂aB − 1

2
Fabγ

ab)
)
K

∇tK = ∂tK +
1
4
B−2ea

µ

(
γbt∂aB − 1

2
Fabγ

ab)
)
K,

where γab = γaγb. We may then write γ5 = iγ1234, the orientation or handedness matrix. This redefines
the Killing equation according to

∇µK = ∂µK +
1
4
B−1ea

µγbt
(
εab

c∂cBγ5 + Fab + AaB−1(∂aB +
1
2
εa

bcFbcγ
5)

)
K

∇tK = ∂tK +
1
4
B−2ea

µ

(
∂aB +

1
2
εa

bcFbcγ
5
)
K,

The projector P± = (1 ± iγ5)/2, where P− is projects onto spinors and reduces their SUSY by half, or is
a 1

2BPS projector operator. The selection of an orientation reduces the number of generators by half. The
above Killing spinor equations may then be expressed according to P+.

The BPS operator P+acts to reduce SL(2, C) ∼ SU(2)+ × SU(2)− → SU(2)+. The two separate
SU(2)± then have explicite representations according to the projectors as,

SU(2)± : Jab
± =

1
2
iγabP±.

The four component spinor K with eigenvalues {1/2, −1/2, 1/2, −1/2} is reduced under the action of
P+ to {1/2, −1/2, 0, −0} in a 4 → 2 + 1 + 1. In general then an SL(2, C)⊗3 is then reduced to
1/2−BPS, 1/4−BPS and 1/8−BPS, with each successive application of P+. This may be extended as
well to SL(4, C), where now there are 8 charges, 4 electric plus 4 magnetic. The space may be mapped to S8,
with an SO(8) group. A fixed vector on the S7 defines an SO(7) and the AdS7 = SO(6, 2)/SO(6, 1). The
U(1) bundle over the spatial surface in the spacetime is induced by G2 holonomy. The maximal subgroup
of G2 is SU(2)× SU(2)/[+,−], which defines the projective subsets of P±. The complexification of the G2

extends this to the 28 representation and the SL(4, C) ' SL(2, C)⊗2, with ”twice” the additional space
projected onto.

The six Euclidean dimension from G2/SU(3) has a tangent space with the group SO(6) ' SU(4).
The SU(3) subgroup decomposes from the 4 of SU(4) as 4 → 3−1 + 13 → 3 + 1. For AdS3/CFT3

or the dual AdS7 × S3 there are 4N SUSY generators with the symmetry spin(N ). For 32 generator and
N = 8. The decomposition by G2 fixing a vector in spin(8) and the coset construction gives the SU(3)
holonomy. Similarly, the SU(4) is the symmetry group of AdS5 × S5 and defines the same SU(3) holonomy
by spinor decomposition. The decomposition is a 1/4-BPS with a Calabi-Yau 3-fold ωµνσ = Kγµνσ in the
typeIIB theory.

The G2 is 14, which in complexification is a 28. This then provides a map between these orbits on
the SO(4, 4)/SO(2, 2) × SO(2, 2) moduli space of the 4 qubit system, where the orbits of SO(4, 4) are the
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adjoint 28 for the black hole, with the holonomy of G2. The holonomy is a geodesic on a timelike direction
in the two moduli spaces. The difference is there is a triality condition here, which means the map between
the two are 3 to 1, and the Z3 is the cyclicity.

The discrete realization of AdSn, which connects to a discrete or ”quantum” time, constructs light
cones and Heisenberg groups. The Heisenberg group realized is the conformal group SL(2, R), which is
the reduced AdS2 × Sn in the near horizon environment. We then have the reductions to AdS2 ∼ CFT 1

with the elementary Heisenberg group realization on a hyperbolic space. This is the simple D0-brane for
the separable state. Additional correspondences exist with the Dp-branes [16]. The 3-form ω(3) and the
cubic polynomial or elliptic curve suggest connections with the Freudenthal determinant and the Jordan
eigenvalue problem.

The hyperdeterminant structure for moduli space and the Kostant Sekiguchi correspondence for the
SO(8, C) maps nilpotent orbits of SO(4, C)2 for the black hole. These nilpotent orbits then correspond
to the extremal classification of black holes in the STU model. In the 3 Q-bit model this corresponds to
the Z3 discrete coset structure on AdS7, which defines a hyperdeterminant for the 3-Qbit system. The
fixing of S8 and S7 restricts two rotations that together define an SL(2, C), which is no longer a strictly
discrete structure. Hence the entire system is the 4 Q-bit system with group GSLOCC = SL(2, C)4, with
4 × 3 = 12 complex parameters, and the state variable ψABCD and with 24 = 16 complex parameters.
This is equivalent to the entanglement of 4 Q-bits is then 16 − 12 = 4 coset space

(C2)4/(SL(2, C)4

The 4 Q-bit system is AdS7/Γ for Γ ⊂ O(7, 1) is a system of isometric which are equivalent to the
conformal symmetries on the boundary ∂AdS7 = E6. The discrete action of Γ does not extend through
the space, where now there are an continuous parameters associated with a discrete set. The 8 Noetherian
charges then describe the electric and magnetic monopoles on Dp-branes, for p = 0, 2, 4, 6 branes which
correspond to the entanglement of states. p = 0 corresponds to separables states, p = 2 to bipartite
states, p = 4 to W states and p = 6 to GHZ. The D6-brane then contains the entire conformal structure
of a field theory on the torus T 6 = T 2⊗3 with the charges associated with D0, D2, D4, D6 [14]

The discrete realization of AdSn constructs light cones and Heisenberg groups. The Heisenberg group
realized is the conformal group SL(2, R), which is the reduced AdS2×Sn in the near horizon environment.
We then have the reductions to AdS2 ∼ CFT 1 with the elementary Heisenberg group realization on a
hyperbolic space. This is the simple D0-brane for the separable state.

How many qubits are in the universe?

The entanglement entropy for black holes is equal to the determinant of the SLOCC group. For the 3
qubit system this is a hyperdeterminant, where there are terms for the standard bipartite entanglements as
well as for the W and GHZ states. For the 4 qubit case there are coset realizations. The entanglements are
holographic, and there should be a correspondence with an entanglement entropy on AdS7, with cosmological
implications with the conformally flat boundary.

Davies illustrated how the universe has a maximal number of 10123 bit flips [17]. This would correspond
to about a 400 to 500 bits and possible 10123 entangled bit flips with the total number of elementary particles,
or string modes possible. The E8 ×E8 has 2× 248 = 496 particle states. The SO(8) corresponds to the 4
qubit entanglement situation. E8 decomposes into O(16) or SO(16), which is half of the Clifford — given
abuse of terms here, which in turn decomposes into two SO(8)’s. The 4 Q-bit has GSLOCC flows or orbits
of the state ψABCD, SO(4, R) ∼ SL(2, C), and we can convert the SL(2, C)⊗4 into SO(4)⊗4 and use
SO(4, C) = SO(4)⊗2. The orbits of the GSLOCC are then an SO(8) conjugacy class. The set of nilpotent
orbits is a classification of SO(8, C). The complexification of SO(8, C) means it occupies the same space
as SO(16), or 4 qubit entanglements have 16 complex elements. With the 8 qubit entanglement we must
”double down” our bet. The 4-bit system is the quaternionic structure, Cayley number 22 = 4. The 3
qubit system is related to the complex field, but instead of pertaining to 2 bits (21) for an 8 charged black
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hole it there are 4 D3-branes where charges may combine into 5 dimensions (NS5-brane) with the Clifford
basis in 5-dim corresponding to 2 + 3 = Cayley plus 3 → Cl2. Going up the Cayley ladder involves states
ψABCDEFGH and we are talking about products of 8 SL(2, C)’s for the octonions or E8.

This means the universe may be a grand entanglement of ∼ 10123 bit flips with a particle spectra of
E⊗2

8 . The implication is that the universe may only contain one of every type of elementary particle. So
the electrons running around the circuit board in my computer, is the same as all the electrons in the entire
universe. This holographic projection of fields onto the AdS boundary, or equivalently the cosmological
boundary, is a form of Feynman’s original concept of the path integral where a particle in effect covers the
entire universe. So there is only one electron, one proton (well really one up quark and one down quark), one
photon and so forth in the entire universe, and what we see as multiple copies of them are a sort of illusion
induced by a large scale decoherence and the subjective appearance of decoherent classes of histories.
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Appendix A

The boundary space ∂AdSn+1 is a Minkowski spacetime, or a spacetime En that is simply connected that
with the AdS is such that AdSn+1 ∪En is the conformal completion of AdSn+1 which exhibits a conformal
completion under the discrete action of a Klienian group. For the Lorentzian group SO(2, n) there exists
the discrete group SO(2, n, Z) which is a Mobius group. For a discrete subgroup Γ subset SO(2, n, Z) that
obeys certain regular properties for accumulation points in the discrete set AdSn+1/Γ is a conformal action
of Γ on the sphere Sn. This is then a map which constructs an AdS/CFT correspondence.

The quotient space AdS/Γ is a Kleinian structure. The group SO(2, n) is a map from the unit ball
Bn+1, with boundary ∂Bn+1 = Sn, into Rn+1. The discrete group Γ acts as a conformal on the sphere
Sn by the action of the Möbius transformation on Sn. The discrete set of maps on Sn has accumulation
points on the limit sphere Sn

∞ are determined by the limit set gi ∈ G, for i → ∞. This is denoted by
Λ(G), G = O(2, n). The discontinuous set is then the complement of this or Ω(G) = Sn − Λ(G).
The manifold Ω(G)/G is an orbifold. This means that the Mobius transformation on the limit sphere S2

∞ is
equivalent to the conformal transformation of Nn+1 which is equivalent to the isometries of AdSn+1. The
Ω(Γ)∩En/Γ is then a Lorentzian manifold ∂AdSn+1, and a set of discrete points in En pertaining to spatial
hyperbolids of equivalent data. In this way the data on any spatial surface of AdSn+1 is contained in its
conformal completion. This is equivalent to the discrete action of Γ on Sn.

The discrete structure here is isomorphic to the discrete set for the Taub-NUT spacetime. This Taub-
NUT spacetime is similar to the Schwarzschild spacetime, but where time serves the role radius does. The
spacetime has a timelike region I that connects to a region which is spacelike II, which in turn is connected
to a timelike region III with closed timelike curves. The manifold for TN is S3 × R, with S3 reduce to S1

modeled as a cylinder. The spacetime is a sort of time version of a black hole, where the time coordinate
defines the horizon. The manifold (M, g) has a discrete structure to it. An Euler angle in space wraps a
geodesic around the tube in region I, and defines intervals s2 = t2 − x2 that are equivalent. These discrete
points define a discrete subgroup d = SL(2, Z) ⊂ SL(2, C). Each of these points defines a neighborhood
such that the action of the discrete group on that neighborhood determines d(U)∩U = . This is a Hausdorff
condition. Now the region I of M and II of M(I, g) and M(II, g) are cases where the t > −x and then
(I + II, g) is Hausdorff. Similarly (I, g) and (III, g) is the case where t > x and again (I + III, g) is
Hausdorff. However, this can’t hold for (I + II + III, g), which is then not Hausdorff.

Appendix B

For a 3 Q-bit system we focus on invariants. The determinant is replaced by a hyperdeterminant that
transforms as a (2, 2, 2), and there are elements σi, σj and σk, co-invariants, that transform as (3, 1, 1)
(1, 3, 1) and (1, 1, 3) of the GSLOCC . These four construct entanglement measures Sijk, Sij , Sik and Sjk.
SABC is a tri-partite entanglement entropy with

SABC = SA(BC) − SAB − SAC

The bipartite elements are pair entanglements and the tripartite involves a triplet which is entanglement.
So B = Bob is maximally entangled with A = Alice and C = Carl in the tripartite state. Where if I trace
out A B or C there is a complete mixed state, classical information due to tracing, and no correlation, while
with the three bipartite entanglements Bob’s entanglement is with A and C, and a tracing out of his quantum
state entanglement continues to have the A− C entanglement. The tripartite entanglement corresponds to
a large black hole, while the set of bipartite entangled states a small black hole. The tripartite state is also
called the GHZ state for Greenberger, Horne, Zeilinger formulation of a three particle entanglement.

The N-partite entanglement is different from the standard bipartite entanglement. These correspond to
three separable state, bipartite states plus one separated, nonseparable bipartite states and a tripartite GHZ
state. These states in black hole logic correspond to small black holes 1/2 supersymmetric, small black holes
with two BPS charges and 1/4 supersymmetric, two black holes with 3 charges and 1/4 supersymmetric and,
the GHZ state is 4 charges and 1/8 supersymmetric.

Appendix C
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The set of nilpotent orbits is a classification of SO(8, C). With extremal black holes the condition is
given by these nilpotent orbits on the moduli space. A nilpotent orbit is where there is a group G with
algebra g, then for a ∈ G and b ∈ g then the adjoint action of a and b is

b → b′ = aba−1

A nilpotent orbit is given by bn = bb...b (n times) and this is stationary as it is clear than b′n = bn, and are
a fixed point in the moduli space. This Lie group homomorphism SL(2, C)2 ∼ SO(4, C) converts ψABCD

to a (4, 4) of SO(4, C)2 [10], so then under SL(2, C)2, ψABCD transforms as

ψABCD → ψ′ABCD = UA ⊗ UB ⊗ UC ⊗ UDψABCD

= [UA ⊗ UB(x)]ψABCD[UC ⊗ UDψABCD]T = MABψ(AB)(CD)N
T
CD

and is a convenient transformation MψNT = ψ′ for U ∈ SL(2, C) and M, N ∈ SO(4, C). The
correspondence with SO(4, C) gives this according to nilpotent orbits on SO(4, C)2 on (4,4). The Kostant
Sekiguchi correspondence [11] for the SO(8, C) maps nilpotent orbits of SO(4, C)2 on the (4, 4) to the
orbits of SO(4, 4) on the adjoint 28 for the black hole.

19


