
 
How Mathematics Meets the World 

 
 
 
No paper in the history of science has had a greater impact solely through 

its title than Eugene Wigner’s “The Unreasonable Effectiveness of Mathematics 
in the Natural Sciences” (1960). The title conveys both a claim and a puzzle. The 
claim is that mathematics is the language in which our most accurate scientific 
theories are formulated. The puzzle is why the language of mathematics should be 
such an effective tool for describing the physical world. The claim is indisputable. 
The puzzlement requires some unpacking. 

In its most radical form, the puzzlement could be directed at all of 
mathematics: why should any mathematical propositions have bearing on the 
behavior or structure of physical objects? Wigner himself does not raise this 
worry. Certain areas of mathematics struck him as unproblematic. He writes: 
“…whereas it is unquestionably true that the concepts of elementary mathematics 
and particularly elementary geometry were formulated to describe entities which 
are directly suggested by the actual world,…”. That mathematical concepts 
developed for the purpose of describing the physical world manage to do so 
reasonably well is not prima facie puzzling at all.  Wigner’s own conundrum 
appears in the completion of the cited sentence: “…, the same does not seem to be 
true of the more advanced concepts which play such an important role in physics”. 
Wigner mentions complex numbers as an example of the more advanced concepts, 
and contemporary physics can supply more exotic examples. 

We can therefore divide the initial question into two subquestions. 1) 
Which mathematical concepts seem naturally suited to describe features of the 
physical world, and what does their suitability imply about the physical world? 2) 
Why should any mathematical concepts that do not fall into the class of naturally 
suited ones nonetheless be of use in physics? 

Among the naturally suited mathematical concepts are the integers. The 
usefulness of the integers for describing physical situations requires little on the 
side of physics, but does require something. If there are physical items so 
constituted as to be solid objects, held together by strong internal forces and 
resistant to fracture and to amalgamation, then they will be effectively countable. 
A physical world completely described by fluid mechanics would contain no such 
objects, so the physics does make a crucial contribution. We can also imagine a 
physics whose fundamental constituents are perfectly discrete and “uncuttable”—
the atoms of Democritus, for example—which are even better suited to 
unambiguous counting than are macroscopic solids such as tables and chairs. So 
the usefulness and limits of even the most basic mathematical concepts for 
describing the physical world are influenced by the physics. The only question is 
which physical features—such as practical solidity and indivisibility in this 
case—are relevant. 

Even when the applicability of mathematics to the physical situation is 
straightforward, something akin to Wigner’s puzzle may arise. A child playing 



with solid square tiles notices that sometimes a larger square array (5 x 5) can be 
rearranged into two smaller square arrays (3 x 3 and 4 x 4). This is a plain 
physical feature of the tiles. The purely mathematical fact that 32 + 42 = 52 
together with facts about plane geometry are relevant to explaining this. The child 
wonders whether the same situation ever occurs with his solid cubes: can a large 
cube made of smaller cubes be rearranged into two smaller cubes? This physical 
question can be resolved in the negative by proving Fermat’s Last Theorem. 

Fermat’s Last Theorem was proven by Andrew Wiles as a corollary to the 
modularity theorem for semistable elliptic curves. Since Fermat’s conjecture has 
to do with simple relations among integers, it might seem almost miraculous that 
any result about semistable elliptic curves would be relevant to it. And if one were 
to claim that a deep analysis of these curves would yield answers about the 
physical question of how cubes can be stacked, that might seem even more 
incredible. But the root of the surprise here is in not some uncanny connection 
between mathematics and physics, but rather in the uncanny bearing of one 
branch of mathematics on a seemingly unrelated distant branch. It may be 
astonishing that facts about semistable elliptic curves have implications about 
Fermat’s Last Theorem, but it is not at all astonishing that the Theorem has 
implications for our cubes. 

So one could easily write a companion paper to Wigner’s called “The 
Unreasonable Relevance of Some Branches of Mathematics to Other Branches”. 
Connections between apparently unrelated mathematical questions are regularly 
discovered, and any account of pure mathematics must acknowledge that. But we 
should not confuse this question with the entirely separate question of the 
effectiveness of mathematics in physics. If powerful and highly abstract 
mathematical methods are used to prove results in arithmetic or geometry and the 
relevance of the arithmetic or geometry for describing the physical world is clear, 
then Wigner’s puzzle has been solved without remainder. 

The relevance of the theory of integers for physics is unproblematic so 
long as the way that physical items are being counted is conceptually sharp. 
Different physical worlds and different physical concepts, as we have seen, can be 
more or less hospitable to unambiguous methods of counting. In the purely fluid 
world there might be little of interest to count. Even in the actual world, there can 
be a sharp answer to how many atoms there are in a particular strand of DNA, but 
no equivalently sharp answer to how many mountains there are in Europe. It is 
exactly for this reason that “mountain” is not a term that can be used in 
fundamental physics: mountains are not precisely enough delineated by physical 
conditions to be amenable to precise mathematical description. So the 
appropriateness of counting as a way to employ mathematics in describing 
fundamental physics turns on details of the fundamental physical ontology. If the 
world had turned out to contain eternal and physically indivisible Democritean 
atoms then there would be a precise mathematical characterization of how many 
atoms there are. 

In this sense, Democritean atoms have a mathematical structure. 
Mathematical language can be used to provide answers to certain precisely 
articulated questions about them. But that is not to say that Democritean atoms are 



mathematical entities in any sense that would make them abstract or independent 
of the contingent physics of the world. In order to be precisely countable, the 
atoms must have some physical properties. Cells, whose exact numbers become 
indeterminate in the midst of cell division, do not always have those properties. 
So attributing a mathematical structure to physical items is not the same as 
postulating that they are mathematical entities: it is rather the weaker claim that 
they have some physical features that make them amenable to precise 
mathematical description in some respects.  

We have sketched some of the physical properties required in order that 
things be describable unambiguously by the application of integers, i.e. that they 
be counted. And as soon as items are countable, other mathematical concepts can 
be brought to bear: ratios and proportions for example. Leopold Kronecker 
famously opined that “God made the integers, all else is the work of men”. 
Although somewhat hyperbolic, there is a clear definitional route from the 
integers to the rational numbers, to the real numbers, to the complex numbers, etc. 
Insofar as the application of mathematics to the physical world runs through 
unambiguous counting, all of these more sophisticated mathematical items can be 
understood as more indirect mathematical tools for describing the physical 
structure of the world. 

Wigner did not single out the integers as the mathematical entities most 
directly inspired by experience of the physical world, he mentioned “elementary 
geometry” instead. Wigner’s position seems to be that there is no great puzzle 
about why the concepts of elementary geometry might be applicable to the 
physical world: those very concepts were developed via interaction with the world. 
If some early Greek counterpart to Wigner were to express puzzlement about the 
unreasonable effectiveness of geometry in the physical sciences (or the 
architectural or surveying sciences) he would be met with incomprehension. 
Geometry, he might be told, just is the study of points, lines, areas, shapes and 
volumes in space. Insofar as the architect or surveyor is interested in determining 
facts about such things, there is no mystery about the utility of geometry for the 
undertaking. Of course, physical objects are not perfectly suited for description 
using the vocabulary employed by Euclid. Plato insisted that the “square” and 
“rectangular” slabs of stone used by the architect are not square or rectangular in 
Euclid’s sense, which is true. But even Plato did not deny that certain regions of 
physical space are precisely square, and that a physical stone could be a close 
approximation to such a shape. Just as Democritean atoms would have a precise 
arithmetical structure, so space itself was regarded as having a precise geometrical 
structure. If geometry is the study of that structure then it is hardly a surprise that 
it is useful for describing and interacting with the physical world. 

The epistemic status of geometry was not well understood as long as it 
was taken to provide a priori and certain knowledge of the structure of physical 
space. This characterization naturally led to Kant’s question of how any such a 
priori synthetic knowledge might be possible. The proper answer, of course, is 
that it is not possible: claims about the geometrical structure of physical space or 
space-time must be considered just as conjectural and fallible as all other physical 
claims. The development of non-Euclidean (and indeed non-Riemannian) 



geometries opened up a universe of geometrical possibilities. Choosing among 
them when framing physical hypotheses is an a posteriori and empirical matter, 
as it should be. So purely mathematical advances in abstract geometry due to 
Riemann and later Minkowski made the relation of geometry to physics all the 
more clear. Physical space (or space-time) has a geometrical structure. Various 
different abstract geometries correspond to different possible structures, and the 
only grounds for accepting one or another of these as accurate is the empirical 
success of a total physics that details both a space-time structure and the matter in 
it. It is exactly because there are alternative abstract geometries that there is less 
puzzlement about why one or another of them might accurately represent the 
physical structure of space-time. 

But for geometry as for arithmetic, the foundational question remains. 
Numbers can be used to provide accurate and useful representations of physical 
situations insofar as those situations contain items that are unambiguously 
enumerable or countable. The unambiguity of a process of enumeration, in turn, 
depends on certain physical characteristics, such as the items having sharp 
boundaries and retaining structural integrity through time. Similarly, there should 
be some physical characteristics of a situation that make it amenable to 
geometrical description. It is in virtue of having these characteristics that the 
physical world can be usefully described by geometry; it is these characteristics 
that make the physical world into a geometrical object. But the question is: just 
what features must a physical entity have in order to display a geometrical 
structure? 

The answer to this question for geometry is not obvious. It is nearly 
tautological to remark that enumerability is required in a domain in order to use 
numbers to describe it, and the further elaboration of characteristics that make 
objects unambiguously enumerable (the characteristics that Democritean atoms 
have but mountains do not) is not very contentious. No similar answer 
immediately presents itself for geometry. 

In the remainder of this essay I will outline the standard answer to this 
question, and then argue that there is a better approach. The standard answer 
derives from the standard mathematical tool used to describe the most basic 
geometrical structure of a space. If that mathematical tool, that mathematical 
language, is to provide an accurate characterization of the geometry physical 
space or physical space-time then physical space-time must have a structure 
corresponding to the fundamental concept in the mathematics. And a different 
mathematical language, built on a different primitive concept, requires that 
physical space-time have a different structure if it is to be accurately described. I 
will argue that standard geometry has been built on the wrong conceptual 
foundation to apply optimally to space-time. I will sketch an alternative 
geometrical language, and explain how it could directly reflect the structure of the 
physical world. 

There are various hierarchically organized levels of geometrical structure 
that a space can have. It can have a metrical structure, which describes the 



distance between points. This distance is just the minimal1 length of a continuous 
path between the points. It can have an affine structure, which sorts continuous 
paths into straight and curved. It can have a differentiable structure, which 
distinguishes smooth curves from bent curves. But beneath all these, already 
presupposed by all of these, is the most basic geometrical structure: topological 
structure. 

Attributing a topology to a space allows one to define basic notions of 
continuity. For example, in order characterize a function from a domain to a range 
as continuous, both the domain and the range must have a topology. So insofar as 
definitions of length or straightness or differentiability already presuppose the 
notion of a continuous path or a continuous curve they presuppose topological 
structure.  

Carrying on our sifting humor, we may now ask: what features must a 
physical space or space-time have in order to have a topology? The fundamental 
concept of standard topology—the concept in terms of which all other topological 
notions are defined—is the open set. An open set of points is a set that has no 
boundary or edge, a set in which, intuitively, every point is completely 
surrounded by other points in the set. Specifying the topology of a space is 
exactly specifying the collection of open sets in the space. One then defines other 
geometrical features of the space in terms of the open-set structure. For example, 
a space is connected just in case it cannot be partitioned into two disjoint non-
empty open sets. 

If the mathematical language of standard topology turns out to be a 
powerful tool for describing physical space-time, then there is one obvious 
possible explanation: there is some physical property that imposes an open-set 
structure on the points of space-time. Just as the physical properties attributed to 
Democritean atoms would make them unambiguously enumerable and hence 
accurately describable using numbers, such an open-set-producing physical 
property would make physical space-time unambiguously describable using the 
conceptual resources of standard topology. All of the complex abstract results in 
topology would then hold of physical space-time, just as Fermat’s Last Theorem 
(hard as it is to prove) settles the physical question about the possibility of 
rearranging physical cubes in certain ways. 

The problem is that there is no obvious answer to the question: exactly 
what feature of the physical world invests space-time with an open-set structure? 
One can take this geometrical structure to be physically primitive and not subject 
to further explication. But that should be the response of last resort. 

Perhaps the problem lies instead with the mathematical tool we are using. 
It is possible to develop alternative mathematical languages for describing the 
geometry of a space, based on different primitive notions than standard topology. 
For any such alternative mathematical language we can pose the same question: is 
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there a feature of the physical world guaranteeing that physical space-time has the 
right sort of structure to be described using this language? 

I have recently developed a mathematical language for describing the 
geometry of a space based on a different conceptual foundation than standard 
topology (Maudlin 2014). This language is called the Theory of Linear Structures, 
and the conceptual primitive in it, instead of the open set, is the line. In particular, 
the geometry of a space is specified by detailing which sets of points in it 
constitute open lines, “open” in the sense that the lines do not close back on 
themselves like a circle does. (See the appendix for the axioms of standard 
topology and the Theory of Linear Structures, as well as some technical results.) 

What is geometrically characteristic of an open line is that it imposes a 
linear order on its points. In order to move continuously from one place to another 
on an open line one must pass through a unique set of intermediate points in a 
particular order. (On a circle, in contrast, on can move continuously from one 
place to another by two completely different routes: clockwise and counter-
clockwise.) Furthermore, unlike open sets, lines have a strongly constrained 
geometrical relation between the part and the whole. Longer lines must, of 
necessity, have shorter lines as parts, whereas an open set need not have any parts 
that are themselves open sets. This permits us to lay down axioms for open lines 
that completely capture their geometrical nature. 

 The fundamental structural characteristic of an open line is this: given the 
points in an open line, there is a linear order among its points such that all and 
only the intervals of that linear order are themselves open lines. This basic 
structural characteristic of the open line holds for lines with infinitely many points 
(such as lines in Euclidean space) and lines with only finitely many elements 
(such as a line of movie-goers waiting to buy tickets). So the Theory of Linear 
Structures is capable of describing the geometry of continua and of discrete 
spaces (such as lattices) using the same conceptual and definitional resources. 
Standard topology does not fare well in this regard: intuitively, there are no non-
trivial open sets in a discrete lattice, so the mathematical language of standard 
topology provides little geometrical information about it. In contrast, graph theory 
is a branch of the Theory of Linear Structures. But graph theory cannot deal with 
continua while the Theory of Linear Structures can. 

There is a connection between the Theory of Linear Structures and 
standard topology worthy of notice. Once one has specified which sets of points 
in a space constitute lines, it is easy to define a neighborhood of a point p. A 
neighborhood of p is a set of points Σ such that every line with endpoint p 
contains a segment (i.e. a part which is itself a line) with endpoint p that lies in Σ. 
So if Σ is a neighborhood of p, then every continuous route to p must enter Σ 
before it arrives at p. This definition works equally well in a discrete space as in a 
continuum. Finally, we can define an open set in the space as a set of points that is 
a neighborhood of all its elements. The open sets, so defined, provably satisfy all 
of the axioms for open sets in standard topology. So specifying a Linear Structure 
for a space automatically, by this chain of definitions, specifies a standard 
topology for it. But the Linear Structure typically contains much more detailed 
geometrical information than the standard topology. In a connected discrete space 



like a lattice the only open sets are the entire space and the empty set, so the 
standard topology contains no detailed geometrical information. The Linear 
Structure of such a discrete space, in contrast, determines its entire graph-
theoretical structure. 

There is another notable difference between standard topology and the 
Theory of Linear Structures. If one were asked to impose a direction on an open 
set, it is not at all clear what is being asked for or how it can be provided. But to 
specify a direction on a line is perfectly straightforward. Lines in Euclidean space, 
for example, have exactly two directions. This corresponds to the fact that exactly 
two linear orders among the points yield the same set of intervals, namely the 
linear orders that are inverse to each other. So choosing a direction on a line is 
just choosing one of these two linear orders among the points. It is almost trivial, 
then, to extend the Theory of Linear Structure to include geometries with directed 
lines, lines that point one way rather than the other, like a one-way street. There is 
no similarly simple and straightforward way to introduce the notion of 
directedness into standard topology. 

Returning to our original question: suppose instead of standard topology 
with its open sets we choose the Theory of Linear Structures as the mathematical 
language in which to describe the geometry of physical space or physical space-
time. Then our fundamental question is this: what physical feature of the universe 
makes space-time amenable to description in this mathematical language? What 
physical feature of the universe might be responsible for creating lines, that is 
linearly ordered sets of points in space-time? 

The choice between giving an account of the geometry of space (such as 
Euclid proposed) and given an account of the geometry of space-time (such as the 
General Theory of Relativity proposes) is now critical. The “points” of space-time 
are events that are perfectly localized in both space and time. So providing a 
geometry for space-time requires specifying a geometry of events. And asking for 
a source of lines in space-time is asking for a feature of physical reality that 
linearly orders events. But we all have always accepted that there is such a feature 
of physical reality, namely time. 

Our understanding of the structure of time has been revolutionized by the 
Theory of Relativity. Intriguingly, the change from a classical to a Relativistic 
account of temporal structure is of exactly the right sort to promote time into the 
sole creator of physical geometry. In a classical space-time, such as Newton 
imagined, each “moment of time” is a global sort of thing: events all over the 
universe take place “at the same time”. In other words, a classical space-time 
structure has an absolute and universal notion of simultaneity of events. We can 
ask for a set of events in a classical space-time that are linearly ordered by time 
(so no two events in the set are simultaneous). We can even ask for a maximal 
such set, a set to which no more events can be added while retaining the unique 
linear order in time. But in a classical setting, such maximal sets of linearly time-
ordered events are typically not continuous lines in space-time. In a classical 
setting, such maximal time-ordered sets of events are typically more like a 
random scatter: one event at each moment of time (to make the set maximal), but 
with otherwise no relation among the events. 



In Relativity, though, things work out quite differently. The difference 
arises because the realm of events with no defined time-order relative to a given 
event p is much larger in relativity. The only events that are time-ordered with 
respect to p are events in or on either the future or past light-cone of p. So any 
totally time-ordered set of events that contains p contains no events at space-like 
separation from p, and for the same reason contains no events space-like 
separated from any event in the set. This creates a much, much stronger constraint 
on maximal time-ordered sets of events in Relativity than the corresponding 
constraint in a classical space-time setting. Indeed, maximal sets of time-ordered 
events in a (globally hyperbolic) space-time correspond to the continuous 
timelike-or-lightlike trajectories through space-time. That is, referring to nothing 
but the linear temporal ordering of events in a Relativistic space-time, it is easy to 
define sets of events that we intuitively regard as continuous lines in space-time. 
Indeed, they are intuitively continuous directed lines in space-time, where the 
directionality is the direction of time.  

So if one asks, using this mathematical language, what physical feature of 
the universe creates its geometry and makes it amenable to mathematical 
representation, that becomes the question: what physical feature imposes a linear 
order on events that defines the continuous lines in the physical arena? And in a 
Relativistic (but not classical) setting, a perfectly acceptable answer is: that 
physical feature is time. Time creates geometry and makes gives the universe a 
structure described by geometry: geometry as articulated using the Theory of 
Linear Structures. 

It is interesting to consider how much geometrical structure is already 
built into space-time at the most fundamental level according to this application of 
the Theory of Linear Structures. If the lines in space-time are the timelike-or-
lightlike lines, then just from this set of lines one can easily recover the entire 
light-cone (conformal) structure of space-time. The future light-cone (including 
its interior) of p is just the set of points one can reach from p going along a line 
forward in time, and the past light-cone the set of points one can get to going 
backward in time along a line. The lightlike geodesics can also be easily 
characterized: a line with endpoints p and q is a null geodesic if there is only one 
line that has those events as endpoints.2 So quite a bit (although not all) of the 
Relativistic geometry of a space-time is already built in at this level of 
geometrical description. 

By way of contrast, in standard topology nothing characteristically 
Relativistic is built in at the most fundamental level of geometrical description. In 
the standard approach, the topology of a Relativistic space-time is just a four-
dimensional manifold, exactly the same topology of a classical space-time or even 
a four-dimensional Euclidean space that has no temporal aspect at all.  

It is also notable that since the Theory of Linear Structures applies with 
equal ease and facility to discrete spaces and continua, there is no conceptual or 
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technical barrier to using it to construct discrete Relativistic space-times. One 
advantage to a discrete space is that it comes automatically equipped with a 
measure—counting measure—that can be used to define the sizes of lengths of 
things. In a continuum, every finite magnitude contains infinitely many points, so 
counting is no guide to size. In a discrete case, counting yields non-trivial results, 
and the entire geometry (including metrical structure) can be built in at this most 
fundamental level in a discrete Relativistic space-time. One does, however, have 
to be careful about just what to count—but that is a story that cannot be contained 
in the limits of this essay. 

Wigner’s question is this: why is the language of mathematics so well 
suited to describe the physical world? A proper answer to this question must 
approach it from both directions: the direction of the mathematical language and 
the direction of the structure of the physical world being represented. In order for 
the language to fit the object in a useful way the two sides have to mesh. The 
fundamental concepts of the mathematical language—whether enumeration or the 
open set or the line—should have clear and unambiguous application to the 
physical world, and that can only obtain if the world has the right kind of structure. 
What form that structure takes depends on the mathematical language being used. 

Physicists seeking such a mesh between mathematics and physics can only 
alter one side of the equation. The physical world is as it is, and will not change at 
our command. But we can change the mathematical language used to formulate 
physics, and we can even seek to construct new mathematical languages that are 
better suited to represent the physical structure of the world. The Theory of Linear 
Structures, whatever else its virtues, provides and example of how this can be 
done. If it is correct, then we might see how the time itself creates the geometry of 
space-time, and also makes space-time exactly the sort of thing that is well 
described using this mathematical language. 
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Appendix 
 

These are the axioms of standard topology as presented in Crossley 
(2005): 

Definition: A topological space is a set, X, together with a 
collection of subsets of X, called “open” sets, which satisfy the 
following rules: 
T1. The set X itself is “open”. 
T2. The empty set is “open”. 
T3. Arbitrary unions of “open” sets are “open”. 
T4. Finite intersections of “open” sets are “open”. 
 
There are four flavors of Linear Structure, depending on whether the 

lines have no directions or have directions, and whether conjoining lines 
requires that they share only an endpoint (point-spliced) or overlap by a 
segment (segment-spliced). Terms in bold are proprietary to the Theory of 
Linear Structures. A segment of a line 𝜆 is a subset of the points in 𝜆 that is 
itself a line. A closed line is a line with two endpoints. 

Recall that a linear order ≥  on a set is a total relation that is 
antisymmetric and transitive. An interval of a linearly ordered set is a subset Σ 
such that if p, q ∈ Σ and p  ≥ r ≥ q, then r ∈ Σ.  An endpoint of a linearly 
ordered set is an element that does not lie between any other pair of elements. 

 The axioms for an undirected point-spliced Linear Structure are: 
 
A Point-Spliced Linear Structure is a set S together with a 
collection of subsets Λ  (called the lines in S) that satisfy the 
following rules: 
LS1 (Minimality Axiom): Each line contains at least two points. 
LS2 (Segment Axiom): Every line 𝜆   admits of a linear order 
among its points such that a subset of 𝜆 is itself a line if and only if 
it is an interval of that linear order. 
LS3 (Point-Splicing Axiom): If 𝜆  and 𝜇  are lines that have in 
common only a single point p that is an endpoint of both, then 
𝜆  ∪ 𝜇 is a line provided that no lines in the set (𝜆  ∪ 𝜇 ) – p have 
a point in 𝜆 and a point in 𝜇. 
LS4 (Completion Axiom): Every set of points σ that admits of a 
linear order ≥ such the closed lines in σ are all and only the closed 
intervals of ≥ is a line. 
 

In a sense, all of the fundamental work in the definition is done by the Segment 
Axiom. Any collection of subsets Λ that satisfies only the Segment Axiom (which 
we call a Proto-Linear Structure) can be extended in a unique way to satisfy all 
four axioms. 



To define a Directed Linear Structure we require that each line have a 
direction, i.e. be represented by a unique linear order rather than (as with 
undirected lines) a pair of linear orders. An endpoint of a directed line is 
therefore either an initial endpoint or a final endpoint. The Point-Splicing 
Axiom is adjusted so that the point in common must be the initial endpoint of 
one directed line and the final endpoint of the other. 

The definitions of a neighborhood and an open set in an undirected 
Linear Structure are as follows: 

A set σ is a neighborhood of a point p iff σ contains p and every 
line with p as an endpoint has a segment with p as an endpoint in 
σ. 
A set σ in a Linear Structure is an open set iff it is a 
neighborhood of all of its members. 

In a Directed Linear Structure we can distinguish inward and outward 
neighborhoods of p depending on whether p is required to be the initial or final 
endpoint of the lines. We can therefore define inward and outward open sets. 

It is a theorem that the open sets (or inward or outward open sets) of a 
Linear Structure satisfy the axioms T1-T4 above. So investing a set of points with 
a Linear Structure automatically invests it with a standard topology. However, if 
ones uses only undirected Linear Structures, then many standard topologies 
cannot be generated this way. For example, given a set of 5 points, there are 6,942 
distinct topologies that can be put on the set, but only 1,024 distinct Linear 
Structures. These Linear Structures, in turn, generate only 52 distinct topologies. 
So only 52 out of 6,942 standard topologies can be recovered. However, if one 
uses Directed Linear Structures the situation changes dramatically. There are 
1,048,576 distinct Directed Linear Structures that can be put on the 5 points, and 
these generate all 6,942 possible standard topologies. Many distinct Directed 
Linear Structures generate the same topology, so the Directed Linear Structure 
contains more geometrical information than the standard topology. 

This allows us to make a distinction among standard topologies that has 
not been made before (to my knowledge). A topology is intrinsically directed iff 
it can be generated from a Directed Linear Structure on the points but not from 
any undirected Linear Structure. We can prove another theorem: Every finite-
point topology can be generated from some Directed Linear Structure. This 
theorem does not hold, however, if there are infinitely many points. There are 
some topologies in that case which provably cannot be generated by any Directed 
Linear Structure on the points. We call these geometrically uninterpretable 
topologies. 

This provides a sample of what can be defined using the Theory of Linear 
Structures and some of the theorems that have been proven. 

 
 
 
 
 
 


