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A correspondence between time and a scaling principle is examined here within
the framework of nonassociative field theory. Imaginary time t = h̄/kT determines
a scaling principle for the universe where a scale invariance is given by the conformal
structure of AdS, which further indicates the universe may results from a a quantum
critical point.

The Nature of Time and it Correspondence with Temperature

In classical mechanics time is a parameter measured by a clock with regular
intervals. Ratios of position increments with corresponding time intervals determines ve-
locity, and ratios of velocity changes with time intervals give accelerations, which are
geometric entities. Distance is measured with a meter stick, and time with a clock, but we
equally use these tools to define position, distance and time. Acceleration multiplied by
mass, a kinematical entity, defines a dynamical entity called force. Hence Newton’s second
law mixes categories. The question of what is time, or for that matter space as well, is
a Cheshire cat in the foundations of physics: The cat disappears enough to prevent any
obstruction to solving problems, but the grin remains.

The curious nature of time is apparent with Hamiltonian mechanics and quan-
tum theory. Hamilton’s bracket formulation of classical mechanics treats position and mo-
mentum as independent. A particle motion in three dimensional space has six variables.
Position and momentum are conjugate variables in a bracket structure. By the Poisson
bracket {x, p} = 1 position and momentum of a particle define the action of the system.
Quantum mechanics replaces Poisson bracket by commutators of operators [x, p] = ih̄,
which is the smallest unit of action h̄. Heisenberg’s uncertainty principle for position
and momentum ∆x∆p ≥ h̄/2 emerges from the commutator structure. This holds for
energy and time ∆E∆t ≥ h̄/2, but without a commutator between the Hamiltonian
operator (energy) and a time operator. The energy-time uncertainty relationship follows
from Fourier analysis of wave mechanics, not from quantization of classical variables. The
absence of a Poisson bracket between time and energy in Hamiltonian mechanics means
there is no a time operator within standard quantization.

Relativity changed ideas about time. Relativity defines hyperbolic transforma-
tions between time and space coordinates. When determined locally on charts, or local
inertial frames, transformations between charts construct general relativity and gravita-
tion. The hyperbolic transformation means the invariant distance, or proper time, is
ds2 = −c2dt2 + dx2 + dy2 + dz2 in flat spacetime. The negative sign on c2t2 means
proper time is hyperbolic, or Lorentzian. Time was once represented according to ict for

1



i =
√−1, so the Pythagoras formula gives the negative sign on the time variable. This

sign difference indicates space and time are physically different. In the ict formalism a
four vector has an imaginary time component.

Imaginary valued time has returned in a different guise [1]. The spacetime
equivalent of gauge potentials, called connection coefficients, exist in a moduli space, in an
irregular manner. In gauge theories the internal symmetry space of the field is Euclidean,
and so has elliptical mathematical structures which are compact. For gravitation the
symmetry space for such connection terms are not an internal symmetry space, but are
the Lorentizian symmetry of spacetime itself. Sequences of spacetime connection terms in
the moduli space do not obey convergence and separability properties of gauge potentials.
The moduli space for gauge theories is Hausdorff, which does not obtain for gravitational
moduli space Physicists often impose an imaginary time, or a Wick rotation t → it, so
the hyperbolic structure of spacetime Euclidean. This simplifies certain problems, such as
by converting a path integral into a partition function in statistical mechanics. Time, or
the real number times i =

√−1, is equated with a temperature t = h̄/kT .

Anything which falls into a black hole is quantum mechanically radiated out-
wards with a temperature inversely proportional to the mass of the black hole. The area
of the black hole event horizon is proportional to its mass M ∝ A and entropy S ∝ A/4.
The event horizon is a congruence of ”timeless” null geodesics. Analogously accelerated
observer in a Rindler wedge spacetime measures a temperature associated with a particle
horizon. The distinction vacuum and particle states is less apparent for quantum fields in
curved spacetimes. The Bogoliubov transformation is a system of relationships between
unitary operators, or a map between inequivalent unitary systems. Different observers
probe the vacuum with results which are not unitarily related.[2]

The metric metric uncertainty is gtt ' δtt + ∆gtt = (1 − 2∆M/r),
where observations on a small scale r → 2∆M are subject to large time uncertainties.
Correspondingly temperature uncertainties ∆t = h̄/k∆T are small. An uncertainty in
time is associated with a energy uncertainty, which in Euclideanized time is a temperature.
A large uncertainty in time corresponds to a low temperature phase of a system. This
pertains to gravity in the case variables are spinorial, or internal fermionic degrees of
freedom. Quantum gravity as a spin-net exhibits phase properties according to the scale of
the temperature, equivalently euclideanized time, fluctuation [3]. Thus small uncertainties
of imaginary time ”heats up” the internal states of the system, which have analogues
with quantum critical points for the breakdown of the Landau electron liquid and heavy
quasi-fermions.

Non-Commutative Geometry, the 24-Cell, and Quantum Codes

The spin-networks of spacetime in imaginary time and temperature fluctuations
suggests physics similar to phase transitions in Ising models and lattice gauge theory.
Models of quantum gravity analogous to condensed matter physics have been proposed.[4]
This approach offers a number of potential advantages. The crystalline lattice models a
sphere packing of Planck units of volume, where unit Voronoi cells, or Brillouin zones, in
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a tessellation determines quantum bits which can be encrypted. Each sphere is a unique
quantum bit parsed by a quantum encryption process. Quantum information is preserved
through a noisy channel, such as a black hole.

Consider a spacetime crystallographic system of spheres and periodic Bloch
quantum waves. Quantum waves have a translational symmetry

T (r)ψ(q) = ψ(q + r).

This equals ψ(q) for r = D a distance along a lattice direction. The discrete transitions
T (r) are the roots of a group Γ ⊂ G. Let the wave transform in addition by a gauge
group G, so the total transformation group is Γ ∪ G. The general transformation of a
wave function is

ψ(q) → UT (r)U†ψ(q).

For the unitary operator U = e−iφ, the Baker-Campbell-Hausdorff formula gives,

UT (r)U†ψ(q) = (T (r) − i[φ, T (r)])ψ(q) + higher terms.

The translation operator is T (r) = eipr, which for small pr gives

UT (r)U†ψ(q) = (T (r) − [φ, pr])ψ(q) = (T (r) − p[φ, r] − [φ, p]r)ψ(q)

In the position representation p = ih̄∇q the transition of the wave function is

UT (r)U†ψ(q) = U∇rU
†ψ(q),

for a covariant p → p + ih̄U∇rU
†. Similarly the position shift in the momentum

representation is q → q + ih̄U∇pU
†. These are gauge-like potentials in conjugate

variables, Ar = h̄U∇rU
†, Ap = h̄U∇pU

†. Noncommutative relationships between
conjugate variables are

[q, p] = ih̄ + ih̄2∇[qAp]

[q, q′] = ih̄2∇[pAp′]

[p, p′] = ih̄2∇[qAq′]

The first right hand term on the first equation is the standard quantum mechanical com-
mutator. The O(h̄2) commutators hold between spacetime cooridnates and momentum.
A related noncommutative geometry exists in a Skyrme model by displacements of vectors
on a three-sphere, and given by a Chern-Simons Lagrangian and braid groups [5]. This
spin-net system bears features of multiply connected geometries for nontrivial links be-
tween points on a manifold, similar to wormholes which compose the spacetime foam of
quantum gravity. Noncommutative geometry is also a feature in some aspects of string
theory [6].

The 24-cell, or icositetrachoron, is ring of Hurwitz integral quaternions which
defines the F4 root lattice [7]. The vertices of the 24-cell define the quaternion units. The
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D4 root lattice is the dual of the F4 and is given by the subring of Hurwitz quaternions with
even norm squared. Noncommutative geometry Bloch waves emerge from the 24-vertices
of the 24-cell plus an additional 24-roots which give 48 vertices of the F4. The 24-cell is self
dual, so the net system is the is the root system of type D4 with the symmetry group of
24, the Weyl group of F4. The fundamental representation of F4 in 52 dimensions, which
gives theory of the bosonic string in 26 dimensions

The D4 lattice defines the Voronoi cells of Euclidean R4 which gives the tran-
sition operator. This tessellation is minimal sphere packing lattice of 4-dimensional Eu-
clidean space by regular 24-cells. Each 24-cell has 24 neighbors it shares an octahedron
and a point with 32 others. The Schläfli symbol for this tessellation of R4 is {3 , 4, 3, 3}
which is the minimal sphere packing configuration [7].

This tessellation of spacetime is an elementary quantum gravity. A wave func-
tion for a Q-bit orbits each edgelink in the 24-cell. Deficit angles result from deformations
in the lattice and computed by dihedral angles of tetrahedra which hinge on an triangle.
A standing wave orbits the triangle with an integral number of n/2 wavelengths. This
lattice is a calculational device, where vertices are Planck volume units akin to atoms in
a lattice. The lattice defines the maximum number of possible independent Q-bits packed
in a flat spacetime volume. The deficit angle is a phase eiθ, which relative to a ”flat lat-
tice” requires the existence of a connection term A so that θ = − ∮

A · dx, for the loop
integral through the tetrahedral entourage. For a set of triangles Ti there exists a set of
computational processes with Q-bits {0, 1} [8]. For the ith edgelink the unitary process is

Ui = (Pi(0) + e−iθiPn(1)),

for the evolution of a Q-bit at that edgelink. The Q-bit evolution for a whole 24-cell is
given by

Uc =
24∏

i=1

Ui,

and for the whole manifold there is a product over all the unit 24-cells. So in effect
the lattice is removed and fundamentally quantum bits are the discrete physical entities
associated with the field of quantum gravity. The 24-cell as a minimal sphere packing in
R4 is a quantum error correction coding system, with D4 as a Golay coding system and
Dynkin diagram given by the Galois field GF (4)

Error correction codes are defined by the distance between vectors
(u1, u2, . . . , un) contained in the Galois group Fn

q and (v1, v2, . . . , vn). This is re-
duced to the number of components which differ d(u, v) = (i, ui 6= vi). A code
of length n containing k codewords with minimal distance d denoted by the Hamming
[n, k, d] [7]. Self-dual quantum codes over Fq for a system with n vectors defines a space
H and H∗ for vector u, v ∈ H and u · v = 0 there exists

H∗ = {v ∈ Fn(p) : v · u = 0, ∀u ∈ H}.
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The dual of a code space H has dimension dim(H∗) = n − dim(H), where dimension n/2
the code space is self dual, a property needed for a Hilbert space of quantum states. The
Hamming [4, 2, 2] is the D4 code corresponding to the 24 cell and [8, 4, 4] is the E8 code.
The E8 is the largest heterotic group in the A-D-E classification of Lie groups. Self-dual
coding systems are necessary conditions for quantum error correction codes, where the
self-dual structure has an isomorphism to the Hilbert space of states H = {|n〉|, n ∈ Z}
and the dual H∗ = {〈n|, n ∈ Z}

The quantum error correction coding means that quantum bits are preserved
in the Lorentzian ”Wick rotated” version of this system. The quantum error correction
means quantum information is preserved through a range of temperatures associated with
imaginary time. This suggests that universe exists in a unique phase, which might be a
quantum critical point.

Extended Lattices, Associahedra, and AdS/CFT Correspondence

For a cosmology with a large scale curvature quantum bits with the 24 cell
are insufficient., which requires greater generality. The S-matrix is based on the notion
of an order for the relationship between different quantum fields, often as a time ordered
product. The physical S-matrix obeys unitarity , and in the case of an ordering the
vertices are defined so they do not exchange position ”freely.” Any change in the ordering
of vertices defines a discrete symmetry, such as transitions between S-T-U amplitudes. This
is a system of chains and polyhedra as a general definition of time ordered amplitudes,
Mooses and compactified fields, according to the S-matrix.

The ordered S-matrix defines each vertex, or particle, and its neighbor. In a
linear chain a general state is an S-matrix channel of the form

|φ〉 = |p1, . . . , pi, . . . , pj , . . . , pn〉

This state or S-matrix channel is related to but distinction from the channel

|φ〉 = |p1, . . . , pj , . . . , pi, . . . , pn〉

The particles or vertices pi and pj have exchanged their neighbors, and a certain ”relation-
ship” structure to the amplitude has been fundamentally changed. The S-matrix is written
according to S = 1 − 2πT , so two states or channels |p1, . . . , pn〉 and |q1, . . . , qn〉 are
related to each other by the S-matrix as

〈p1, . . . , pn|S|q1, . . . , qn〉 = 〈p1, . . . , pn|(1 − 2πT )|q1, . . . , qn〉

= 〈p1, . . . , pn|q1, . . . , qn〉 − 2π〈p1, . . . , pn|T |q1, . . . , qn〉.
For the 〈−| the in channel and |−〉 as the out channel pn and q1 are neighbors, and
neighbors through the T-matrix. This eliminates an open vertex in the chain. The vertices
or particles p1 and qn are the open elements in the chain and define the ”anchor” for the
chain, and are thus defined as neighbors in this manner. Hence this process defines a
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complete linear chain, which is similar in its structure to a gauge-”Moose,”[9] which is a
cycle of gauge fields on a compactified space, such as a Calabi-Yau space.

Each element pi defines a particle or vertex according to a set of quantum
numbers. Thus each pi is defined by a vector space V , which is some Hilbert space. The
linear chain here is an ordering on a total Hilbert space H = ⊗iVi. This construction is
based upon relationships between pi and pi+1 by bilinear operation of the form [−, −] :
V × V → V , as a product structure for position exchange. To define physical states
this bilinear operation must obey the Jacobi identity. This requires the vector space be
k-equipped so the bilinear operation is an isomorphism on the vector space H = k × V ,
where the modulus |k| is the number of elements in the chain. This gives the isomorphism,

Y : H×H → H×H
Y

(
(x, p)⊗ (y, q)

)
= (x, p)⊗ (y, q) + (1, 0)⊗ (0, [p, q]).

The application of Y ⊗ id on H×H×H then gives

Y ⊗ id
(
(x, p)⊗ (y, q)⊗ (z, r)

)
= (x, p)⊗ (y, q)⊗ (z, r) +

(1, 0)⊗ (0, [[p, q], r] + [[q, r], p] + [[r, p], q]).

This isomorphism on the three spaces is the Yang-Baxter equation. If the permuted
double commutator sum vanishes, which is the Jacobi equation. The elements p, q, r
as momentum operators D + iA, defines Jacobi identity the conservation law

[[Da, Db], Dc] = εabcdDeF
de = 0.

The Yang-Baxter relationship is defined in the S-matrix by the following obser-
vation. Consider the optical theorem S = 1 − 2πT and the projection of the density
matrix according to

ρ′ = SρS† = ρ + 2πi[T, ρ].

The neighborhood rule tells us the commutator is between elements of the |−〉 and the 〈−|
with regards to the transition or T-matrix, which is a neighbor exchange rule.

The Yang-Baxter equation describes braids, which are compositions of paths.
In general this theory must be extended to compositions of loops. The S-matrix acts
upon a loop composed of 〈−| and |−〉 to define the composition of two loops 〈−|−〉 with
2πi〈−|T |−〉. Homotopy is the mathematical theory for loop topology. For a topological
space (X, p) the loop space ΩX is defined by the continuous map

φ : [0, 1] → X,

with the compact open-set topology on the endpoints φ(0) = φ(1) = p. Here the
vertex or particle p is considered to be the base point of the map. The composition or
multiplication of points obeys the rule,

π1 : ΩX × ΩX → ΩX,
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Higher homotopies exist for spaces with larger dimensions, where the ordering of homo-
topies determines the vertices of associahedra. A braid is a (ab) − (ba) edgelink, and an
associator is a(bc)−a(bc) for fields defined on the vertices [10]. The associators with three
elements define two hexagons, which link vertices in associator by commutation of the
elements in parentheses. Braid links between the commuted vertices defines the general
system of associators plus commutators. The associahedra K4 for four elements is a pen-
tagon. In three dimensions the Stasheff polytope K5 or associahedra. This polytope is
constructed from pairs of three hexagons glued into ”tents,” which are then attached to
form a solid with three squares arranged π/3 radians from each other. This polytope may
also be constructed by gluing two tetrahedra together and truncating the vertices in the
same plane. Similarly, to the system with three letters copies of these associator exist with
commutative links between vertices.

A system of commutators and associators is extended to the K4 pentagon of as-
sociators. At each vertex of the above pentagon with associators for the elements a, b, c, d
has six possible commutator variations. This each pentagonal vertex is identified with a
hexagon, for a net 30 independent vertices. The convex polyhedron with 12 hexagons,
which share a vertex with an adjacent hexagon, and possesses a pentagonal symmetry is
the truncated icosahedron: The K4 elements are mutually related by a braiding (commu-
tation) around alternate hexagon, half of the twelve in total, and are connected by cross
links through the polyhedra. This obeys the icosahedral group as an octahedra with quiv-
ers of vectors at each vertex. The octahedra has Im(5), m = 3 group structure, which
does not tessellate a flat three dimensional space, but will tessellate a hyperbolic space in
three dimensions. The four dimensional extension of this is the 120-cell, called the hyper-
dodecahedron or dodecachoron, which is a polychora with 120 octahedron boundaries, 720
pentagons, 1200 edgelinks and 600 vertices, and Schläfli index {5, 3, 3} [7]. The dual is the
600 cell, with 120 vertices which define a group under quaternionic multiplication. This
group is sometimes called the binary icosahedral group, which is a double covering of the
icoshahedral group. The symmetry group of the 600-cell is the Weyl group H4 ∼ {3, 3, 5},
a group of order 1202 = 14400.

The icosian group is the system of quaternions on the 120-cell, which is equiv-
alent to the E8 lattice[7]. This group is noncommutative and nonassociative as needed in
a general S-matrix theory. The unit quaternions are defined as

1
2
(±2, 0, 0, 0)p,

1
2
(±1, ±1, ±1, ±1)p,

1
2
(0, ±1, α, β)p,

for these components defined in the standard manner with respect to i, j, k basis elements.
The exponent p indicates that all even permutations of these components. The components
in the last set are given by

α =
1
2
(1 −

√
5), β =

1
2
(1 +

√
5),

where golden ratio is a property of the 120-cell. In R4 the lattice defines a system of vector
valued quaternions

qj = qa
j ea,
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where j ∈ (1, 2, 3, 4) and the qa
j are components to the ea elements of the 120-cell.

Quaternion valued differential forms are then

dqj = qa
j ea = dqa

j ea + qa
j dea,

A metric distance over these elements is then given by

ds2 = det[dqi ⊗ dqj ] = det
[
∂aqc

i ∂bq
d
j ec · ed + gij∂aec · ∂bec

]
d4x,

which for qa
j → qa

j e
∫

A, for Aa
j the gauge invariant term in dqa

j → dqa
j + Aa

j , gives a
curvature Rab = Aa

j Ab
j for flat gauge connections. This interval is similar to the Born-

Infeld action S =
∫

ds in M-theory, which is a cornerstone of the AdS/CFT duality
[11].

A Poincaré disk is a two dimensional model of the Anti-deSitter (AdS) space-
time. Particles leave the boundary at v = c − ε ε → 0, or λ = 0 for massless particles.
The hyperbolic arcs in the disk or Poincaré 3-ball and connect back to the boundary with
velocity v = 0, or for massless fields with λ = ∞. The Gaussian curvature is negative, so
the conformal boundary is a ”repeller.” Now let AdS spacetime contan a black hole. Fields
are holographically tied to the black hole horizon connect up with the conformal event hori-
zon of the AdS. The field on the AdS boundary ψ are the conformal fields mapped from
those on the event horizon by the tessellation. If this represents the AdS/CFT duality,
then a black hole of a larger or smaller mass will either determine a different mapping, or
the tesselation must be deformed to give the same projection of fields between the black
hole and the boundary.

Fields are scattered in and out of a BTZ black hole and the AdS boundary. The
AdS spacetime is of constant negative curvature, and the tessellation is identified with a
discrete subset of points, vertices of the tessellating 120-cells, which are identified with a
discrete subset of the z = 0 reduced AdS symmetry group O(2, 2). The discrete subgroup
is generated by a Killing vector in the hyperbolic embedding coordinates

s2 = −u2 − t2 + x2 + y2,

which is
ξ =

r

s

(
x

∂

∂u
+ u

∂

∂x

)
− r

s

(
y

∂

∂t
+ t

∂

∂y

)
,

for r the black hole horizon. In the AdS where this vector becomes spacelike at the black
hole, with the boundary at the null condition ξ2 = 0. Hence the value of the horizon
distorts the tessellations and the branching patterns of fields in the AdS. This is a scaling of
fields through the AdS spacetime between horizons with energy E ∈ [0, Ep =

√
h̄c5/G].

The discrete lattice of fields at vertices is a scaling principle for the coupling parameter
α′(E), for E ∈ [0, Ep].

The hyperbolic geometry of the Anti-deSitter spacetime is similar to the two
dimensional case of the Poincaré disk. The group action for geodesics on the disk
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is PSL(2, R), which is the projective Lorentz group. The group acts according to
z → (az + b)/(cz + d). This group action is over a disk with SO(2) ∼ U(1)
symmetry, the stabilizer group, so the disk is D = PSL(2, R)/SO(2). The modular
subgroup of the special linear group is SL(2, Z), which describes the tessellations of the
Poincaré disk by the intersections of geodesics. For the reduced Anti-deSitter spacetime
the tessellation is given by octahedra. The Poincaré hyperbolic disk represents a confor-
mal map, and so angles between arcs in the Poincaré disk are preserved, which carries over
to the AdS spacetime. The lengths between branched arcs will however scale with each
branching. The lengths of the branches change with each tessellation, and the conformal
structure of the Poincaré disk or ball insures that the ratios of branched paths are con-
stant. Each branch is a change of frequency between fields, or quivers of quaternions, at
the vertices, so that τ = ω2/ω1 is constant. The value of this ratio is determined by the
stretching of the tessellation of 120-cells by the magnitude of the BTZ black hole. This
ratio is the variable for the Klein modular function J(τ) [12]. This function is invariant
under unimodular transformation of PSL(2, Z) as well. The Klein function is determined
by the Jacobi function ΘE8(τ) expansion for the E8 group. The complex plane realization
of the J(τ) results in a fractal-like structure. The theta functions obey a Schrodinger-like
equation, which determine a renormalization group theory for fields in the AdS. The con-
formal mapping of fields in AdS plus BTZ black hole spacetime determines the running
parameters for quantum fields.

Black Holes and Time In an AdS Bottle

The unitary inequivalencies in black hole radiation is induced by a transfor-
mation from one unitary representation of a commutation algebra into another unitary
representation. The Bogoliubov transformation is an isomorphism of between commuta-
tion relation algebras. However the transformation is not itself unitary. Yet this appears
to be a coarse grained approximation which ignores an underlying nonassociativite maps
of quantum groups which preserve quantum information in an [8, 4, 4] quantum error
correction or E8 code. This means that quantum evaporation of radiation will then con-
tain all the information which enters the black hole, but it is simply encrypted and not
accessible on a coarse grained level.

The black hole in the AdS spacetime describes arcs of which connect the bound-
ary of the AdS spacetime and the black hole horizon. In the Euclideanized interpretation
t = h̄/kT this scales the fields through all energy scales. The conformal boundary of the
AdS is equivalent to the conformal fields, and the tessellation of the spacetime determines
the scaling properties of the fields. The path integral for the universe the scales through all
time, or in AdS between black hole horizons and the AdS boundary, or with imaginary time
through all temperature scales. The conformal structure means this renormalization group
exhibits a fractal or self-similar structure. . The universe may then exist as a quantum
phase transition through these scales, where the scaling principle holds for temperatures
associated with a quasi-fermionic field which becomes ”massive” at the quantum critical
point. Time is then a manifestation of how fields in the universe scale properly according
to gravitational or cosmological principles.
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