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ATP synthase

Molecular Machines

Free Energy ATP = 20 kT 
                           = 0.5 eV

3

1 kT = 25 meV

= 2.5 kJ/mol

We are interested in molecular-scale machines, that convert between different forms of energy.  
Naturally occurring machines are involved in virtually every important cellular process, such as the 
rotary F0-F1 ATP synthase, that is an amazing machine: it has a driveshaft that mediates 
interactions between its two constituents, one of which harnesses a proton gradient to produce 
mechanical energy, and the second of which uses that mechanical energy to synthesize ATP.  
Another example is the photosynthetic reaction center, which is literally a heat engine, albeit one 
with a 20-to-1 temperature ratio.  There are also significant research efforts to design novel 
synthetic molecular machines to for example do photosynthesis one better.  We are aiming for a 
very general understanding of the physics of these machines: the basic physical principles at play, 
the limits on their efficiency in energy conversion, the characteristics of optimal machines.  And 
we want insights that are transferable, to provide inputs for the design of novel machines.  
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Clausius Inequality (1865)

�∆Stotal� ≥ 0

Entropy increases in the direction of time we call the future
on average
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Clausius Inequality
(1865)

Jarzynski Equality 
(1997)

Bayesian estimates of free energies from nonequilibrium work data in the presence of
instrument noise.
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[TODO: ABSTRACT]dynamical noise, the genuine stochastic behavior of the molecule, and mea-

surement noise, random instrument errors.

INTRODUCTION

A central endeavor of experimental thermodynamics
is the measurement of entropy and free energy changes.
The original operational method for measuring entropy
was the Clausius inequality[1], and this remains the ba-
sis for most thermodynamic determinations. We start
with a system equilibrated in one thermodynamic state,
A, and then perturb the system, following some explicit
protocol, until the controllable parameter corresponds to
a new thermodynamic state, B. (An explicit example is
described in Fig. 1) If the temperature of the surround-
ings, T is fixed, then the change in entropy ∆S = SB−SA

is proportional to the flow of heat Q into the system :

∆S ≤ β�Q�. (1)

Here, β = 1/kBT , kB is Boltzmann’s constant, and we
measure entropy in natural units. Equivalently, the free
energy ∆F = ∆�U� − ∆S/β is related to the work W
done on the system,

∆F ≤ �W � (2)

We use the sign convention ∆U = Q + W where U is
the internal energy of the system. The angled brackets
indicate an average over many repetitions of the same
experiment. In macroscopic systems individual observa-
tions do not differ significantly from the mean, but for a
microscopic system the fluctuations away from the mean
can be large and the inequality only holds on average,
not for individual measurements.

The Clausius relation is only an exact equality
for quasi-static, thermodynamically reversible processes,
where the transformation is infinitely slow and the ir-
reversible dissipation is zero. However, recent advances
in nonequilibrium statistics dynamics have lifted this re-
striction. We can, in fact, measure equilibrium free en-
ergy differences by observing the work performed during
irreversible transformations[2–44]. Consider a protocol
(labeled Λ) that starts with an equilibrated system, and
then transforms the control parameter from A to B in
a finite time. This drives the system out-of-equilibum.
Once the protocol ends, the controlled parameters are

46 July 2005    Physics Today http://www.physicstoday.org

ishingly rare with increasing system size. For large sys-
tems, the conventional second law emerges.

The Jarzynski equality
The various FTs that have been reported differ in the de-
tails of such considerations as whether the system’s dy-
namics are stochastic or deterministic, whether the kinetic
energy or some other variable is kept constant, and
whether the system is initially prepared in equilibrium or
in a nonequilibrium steady state. A novel treatment of dis-
sipative processes in nonequilibrium systems was intro-
duced in 1997 when Christopher Jarzynski reported a non-
equilibrium work relation,4 now called the Jarzynski
equality (JE). (See PHYSICS TODAY, September 2002, page

19.) The JE indicates a practical way to determine free-
energy differences. Consider a system, kept in contact with
a bath at temperature T, whose equilibrium state is de-
termined by a control parameter x. Initially, the control pa-
rameter is xA and the system is in an equilibrium state A.
The nonequilibrium process is obtained by changing x ac-
cording to a given protocol x(t), from xA to some final value
xB. In general, the final state of the system will not be at
equilibrium. It will equilibrate to a state B if it is allowed
to further evolve with the control parameter fixed at xB.
The JE states that 

(4)

where DG is the free-energy difference between the equilib-
rium states A and B, and the angle brackets denote an 
average taken over an infinite number of nonequilibrium
experiments repeated under the protocol x(t). Frequently,
the JE is recast in the form !exp("Wdis)/kBT¬ # 1, 
where Wdis # W " DG is the dissipated work along a given
trajectory.

The exponential average appearing in the JE implies
that !W¬ $ DG or, equivalently, !Wdis¬ $ 0, which, for macro-
scopic systems, is the statement of the second law of ther-
modynamics in terms of free energy and work. An impor-
tant consequence of the JE is that, although on average
Wdis $ 0, the equality can only hold if there exist nonequi-
librium trajectories with Wdis % 0. Those trajectories, some-
times referred to as transient violations of the second law,
represent work fluctuations that ensure the microscopic
equations of motion are time-reversal invariant. The re-
markable JE implies that one can determine the free-
energy difference between initial and final equilibrium
states not just from a reversible or quasi-static process that
connects those states, but also via a nonequilibrium, irre-
versible process that connects them. The ability to bypass
reversible paths is of great practical importance.

In 1999, Gavin Crooks related various FTs by deriv-
ing a generalized theorem for stochastic microscopically
reversible dynamics.5 The box below gives details. 
The past six years have seen further consolidation, and
physicists now understand that neither the details of just
which quantities are maintained constant during the dy-
namics nor the somewhat differing interpretations of en-
tropy production, entropy production rate, dissipated
work, exchanged heat, and so forth lead to fundamentally
distinct FTs.
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Figure 4. Testing the Jarzynski equality. A molecule of RNA
is attached to two beads and subjected to reversible and ir-
reversible cycles of folding and unfolding. A piezoelectric
actuator controls the position of the bottom bead, which,
when moved, stretches the RNA. An optical trap formed by
two opposing lasers captures the top bead, and the change
in momentum of light that exits the two-beam trap deter-
mines the force exerted on the molecule connecting the two
beads. The difference in positions of the bottom and top
beads gives the end-to-end length of the molecule. The
blowup shows how the RNA molecule (green) is coupled
with the two beads via molecular handles (blue). The han-
dles end in chemical groups (red) that can be stuck to com-
plementary groups (yellow) on the bead. The blowup is not
to scale: The diameter of the beads is around 3000 nm,
much greater than the 20-nm length of the RNA.

The Crooks Fluctuation Theorem

Gavin Crooks provided a significant generalization of an important fluctuation theorem (FT) obtained earlier by Christopher
Jarzynski. As described in the text, the Jarzynski equality (JE) relates the change DG in free energy of two equilibrium states

to an appropriate work average calculated with an irreversible path. In the Jarzynski scenario, and also in Crooks’s general-
ized FT, the system is initially in thermal equilibrium but then driven out of equilibrium by the action of an external agent. Let
xF(s) denote a time-dependent nonequilibrium “forward” process for which the variable s runs from 0 to some final time t. The
forward process initially acts on an equilibrium state A and it and ends at a state B that is not at equilibrium. In the reverse
process, the initial state B is allowed to reach equilibrium and the system evolves to a nonequilibrium state A. The nonequi-
librium protocol for the reverse process xR(s) is time-reversed with respect to the forward one, xR(s) # xF(t " s), so that both
processes last for the same time t. Let PF(W) and PR(W) stand for the work probability distributions along the forward and re-
versed processes respectively. Then the Crooks FT asserts

The Crooks FT can be manipulated to yield the JE. It also resembles the Gallavotti–Cohen FT (equation 3) derived for
steady-state systems if one identifies st with Wdis /T # (W " DG)/T. The main difference is that the Gallavotti–Cohen relation
is asymptotically valid, whereas the Crooks theorem holds for any finite time t.

# expP WF( )

P WR ( )" k TB

W G"D (( .

FIG. 1: [TODO: Explain pulling experiment, show rare re-

sults]

again fixed and the system can relax into the final equilib-
rium ensemble. We can also run the protocol in reverse,
starting with a system equilibrated with parameters B,
and then transforming in reverse back to A. We will la-
bel this conjugate protocol by Λ̃. Due to the underlying
reversibility of the microscopic dynamics, the probabil-
ity of measuring a particular value of the work during
to the protocol Λ is related to the work probability den-
sity of the conjugate protocol, Λ̃, by the following work
fluctuation relation[6, 7, 40]:

P (+W |∆FΛ,Λ)
P (−W |∆FΛ̃, Λ̃)

= e+βW−β∆FΛ (3)

Note that the free energy change of the conjugate pro-
tocol is the negative of the forward protocol, ∆FΛ =
−∆FΛ̃. This relation immediately implies the Jarzynski
equality[2–6]

�
e−βW

�
= e−β∆F (4)

Essentially, this is the Clausius inequality rewritten as
an exact identity. We recover the Clausius relation by an
application of Jensen’s inequality, ln�exp(x)� ≥ �x�.

e−
1
T ∆F =

�
e−

1
T W

�

WorkFree energy
change

Temperature

Free energy
change

Average 
Work

Work distribution
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Work Fluctuation Theorem    

8

Free Energy
ChangeWork

Forward protocol
(e.g. compression)

Conjugate reverse protocol
(e.g., expansion)

Inverse Temperature

ρF(+W )

ρR(−W )
= eβ(W−∆F )Work probability 

distribution

Crooks (1999)
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Experimental confirmation:
Optical trap RNA hairpin unfolding (& refolding)

9

D. Collin, F. Ritort, C. Jarzynski, S.B. Smith, I. Tinoco, C. Bustamante (2005)
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On the work distribution for the adiabatic compression of a dilute classical gas
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ρi = exp (βF − βEi)

β∆F = − ln
�
e−βW

�
= − ln

�
dW ρ(W )e−βW . (1)

Furthermore, the work distribution for such a process,

and the corresponding reversed process, are related by

the following work fluctuation theorem [3, 4]:

ρF(+W )

ρR(−W )
= eβ(W−∆F )

(2)

Here, W is the work performed during a given realization

of the process [5]; β is the inverse temperature of a ther-

mal environment with which the system is initially equi-

librated; ∆F is the free energy difference between two

equilibrium states, both at temperature β−1
, correspond-

ing to the initial and final values of the external work

parameter; ρ is the work probability distribution; and

the subscripts ‘F ’ and ‘R’ distinguish conjugate forward

and reverse processes, where necessary. (See Refs. [1–6]

for more details and Ref. [7] for an overview of related

entropy fluctuation relations.) If we subject the system

to a cyclic process then ∆F = 0 and Eq. 1 reduces to a

result derived by Bochkov and Kuzovlev[8, 9].

The discovery of these relations makes it interesting to

find model systems for which the work distributions can

be computed analytically [10–19]. Exact results have re-

cently been derived for the example of a piston moving at

arbitrary speed against an ideal gas [13–15]. Here we con-

sider the somewhat different case of the quasi-static com-

pression or expansion of a dilute (but not ideal) classical

gas. This model was suggested in email correspondence

to one of us (C.J.) by Prof. Seth Putterman, and has

also appeared in this setting in a preprint by Prof. Jaey-

oung Sung [20]. Using elementary statistical mechanics,

we derive a non-trivial but tractable expression for the

work distribution ρ(W ), Eq. 11, and use this to verify

and illustrate Eqs. 1 and 2.

Let us define the model more precisely. Consider the

system shown in figure 1, a dilute classical gas confined

in a piston. We assume that quantum effects are negligi-

ble, that the particles do not have any important internal

FIG. 1: A gas confined to a cylinder with a controllable piston

structure, and that they rarely collide with one another.

Specifically, the mean free path between particle-particle

collisions is finite (unlike in Refs. [13–15]), but much

greater than the characteristic distance between nearby

particles. Initially, the piston is held fixed and the gas is

brought to thermal equilibrium with an external, infinite

heat bath. The bath is then removed, preventing the fur-

ther exchange of heat across the walls of the container.

The piston is then very slowly forced inward, performing

work as it compresses the gas to a new volume. In the

corresponding reverse process we start with the gas at

thermal equilibrium with the final volume of the forward

process and then we adiabatically expand the gas back

to the initial volume.

It is useful to define a reference process, during which

the gas remains in contact with the reservoir, and thus at

constant temperature, as it is compressed reversibly; ∆F
in Eqs. 1, 2 is the free energy change during this reference

process. By contrast, during the adiabatic compression

described above, there is a steady rise in the kinetic tem-

perature of the gas. Thus, although the gas continually

self-equilibrates due to particle-particle collisions, it is

driven away from the isothermal sequence of equilibrium

states defined by the reference process.

As a first pass at this model, let us use simple ar-

guments to verify Eq. 1. In three spatial dimensions,

the average equilibrium internal energy of a dilute gas

of N identical particles is E = 3N/2β, and the en-

tropy is given by the Sackur-Tetrode equation, S/N =

ln(V/NΛ
3
) + 5/2. Here V is the volume of the box, and

Λ =

�
βh2/2πm is the thermal de Broglie wavelength (h

is Planck’s constant and m is the particle mass). The

free energy F = E − β−1S is then

F (β, V ) = −N

β

�
ln

�
V

N

�
+

3

2
ln

�
2πm

βh2

�
+ 1

�
, (3)

Fast    
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Equilibrium Statistical Mechanics

11

Energy 
of state i

Free 
EnergyProbability 

of state i Temperature

Boltzmann’s
Constant

Equilibrium system are Microscopically Reversible

P [trajectory] = P [time reversed trajectory]

pi = e
1

kT (F−Ei)
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1 kT = 25 meV

1 eV = 40 kT

Charge separation in photosynthetic reaction center    

 1.4 eV,  55 kT

 D
issipation about 10 kT
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Average dissipation & Relative entropy

13

P. Gaspard (2004),   C. Jarzynksi (2006),   R. Kawai, J. M. R. Parrondo, and C. Van den Broeck (2007)
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Length of Time’s Arrow 

14

Jensen-Shannon divergence between forward and reverse trajectory ensembles

Range: 0 to 1 bits

0 bits:  Perfect time reversibility. 
           Forward and back ensembles indistinguishable

1 bits:  Perfectly irreversible. 
           Forward and back ensembles disjoint.

Measures distinguishability of forward and reverse
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Time asymmetrythermodynamically & 
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tradeoff between
thermodynamics efficiency

and 
breaking time symmetry

Whither Time’s Arrow?

Entropy change breaks time reversal symmetry,
determines arrow of time

Integration and Simulation

Systems Level

(Photons in, fuel out) 

Nanoscale building blocks:

A kinetic network of inter-

connected units.
Nano photovoltaic

H2

Catalyst

O2
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h!

Atomic modeling of building

blocks

Multi Scale Simulation

O2

Catalyst

H2

Catalyst

Optimize building blocks (here photovoltaic) of integrated solar-to-fuel system

Berend Smit & Gavin Crooks


